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Abstract: Mini and Micro-hydropower plants are used to supply electricity to the rural and off-grid areas of many developing countries
like Tanzania. Their power capacity ranges from lower capacity of 5 kW to a higher capacity of 100 kW which is equivalent of supplying
electricity from a few households to several villages in the region. The main challenge that have influenced to undertake this research
study is centred on the possibility of modelling and performance optimization of a designed micro-hydro turbine system that can meet
the dynamic load demand from the growing rural and off-grid users of many developing countries like Tanzania and also at the same
time achieve high energy utilization efficiency with minimum energy losses. The methods used in this research study are based on the
field work and site data measurements that lead to determination of hydraulic and turbine transfer functions as inputs to system design
and modelling that will optimise the system performance characteristics. The results from data analysis and modelling shows that the
feasible water flow discharge for the designed micro-hydropower plant is 0.45 m*s with the gross head of 25m that gives a turbine
output (mechanical)power of 79.5 kW.
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1. Introduction divert the water from a river and direct it to the intake and
canal. At the end of the canal, there is a forebay which is a

Micro-hydropower plant modelling can be done by taking  temporary water storage tank _and is usually connected to an
into consideration the physical arrangement of its hydraulic ~ elevated head penstock (pipe) that carry water flow
turbine system. The general arrangement of the micro hydro ~ discharge with high pressure and velocity to the water
turbine System consists of a Weir, intake’ CanaL forebay, turbine unit which is connected to the generator that rotated

penstock and turbine/generator system. The weir is used to ~ and produces electricity as shown on Figure 1.1 below.
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Figure 1.1: Schematic diagram of a micro-hydropower plant [1]

In micro-hydro-turbine  modelling, the tangential  turbine control dynamics, generator dynamics and load
characteristics of the micro-hydropower plant are  dynamics as shown in Figure 1.2.
determined by the penstock dynamics, turbine dynamics,

Volume 6 Issue 7, 2024

116
www.bryanhousepub.com


mailto:todngoma@yahoo.com

Journal of Social Science and Humanities

ISSN: 1811-1564

Automatic

generation control

Speed .
’ Turbine \Sp%d Mechanical power o
control Gate | Turbine Generator speed
»  dynamics dynamics o| dynamics
Pressure head
Electrical power
Flow discharge
Conduit
dynamics

LL.oad dynamics

Figure 1.2: Hydropower plants functional block modelling diagrams

The turbine conduit dynamics is related to the dynamics of
the water flow in the penstock which is determined by the
water flow rate value Q, pressure head H, flow velocity U
and the length of the penstock L. In this relationship, the
turbine and penstock dynamics are determined by the four
basic relations between the turbine power Py, velocity of the
water in the penstock U and the acceleration of water
column H as shown inFigurel.3 below.
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Figure 1.3: Components layout of a hydro turbine system

[2]

On the other hand, the turbine/generator dynamics are
determined by the power/torque and the rotational speed of
the prime mover which has to be maintained and controlled
by turbine control dynamics through gate position from the
servo motor. With linear blocks, the micro hydropower
plant model can be presented as shown in Figure 1.4 below
as a closed system with a feedback loop. The plant dynamics
consists of gate positioner, hydraulic system and
turbine/generator system. On the other hand, load
disturbances are related to the unpredicted load that may be
introduced into the system and may affect the system
performance and stability by reducing/increasing the
generator rotational speed and hence the frequency.
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Figure 1.4: Micro-hydro power plant block diagram
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2. Methods and Materials
2.1 Hydraulic Turbine dynamics

Electricity generated from micro hydropower plants is an
important renewable energy source in many rural areas of
the developing countries which provide significant
flexibility during its operation phase (off-grid operation).
When most of the micro hydro turbine is in operation, their
dynamic operating behaviour is mostly determined by the
transient characteristics of the water flow in the penstock,
although from the literature it is noted that the turbine
energy conversion process has been involved non-dynamic
characteristics [3]. In broad categories, micro-hydro power
plants system models can be classified into two major
segments based on the complexity of their transfer
functions/equations involved in the modelling process i.e.
the linear models which sometimes called non-elastic model
and non-linear models which sometimes called elastic
model.

In the modelling of a micro-hydro turbine system, the use of
transfer functions/equations with linear and non-linear
behaviour has to be used. The transfer functions are
mathematical equations which are essential tools for the
simulation of micro hydro turbine systems which will be
explained in details in the following sub-sections.

2.2 Hydraulic Turbine transfer function

Most linear hydropower models are calculated around an

operating point and they are extracted from basic equations

of turbine and penstock hydraulic characteristics. The model

equations are based on the transfer function which relates to

the turbine mechanical output power to the gate opening

signal. Considering the studies based on system stability, the

formulation of the representation of the hydraulic turbine is

based on the following assumptions:

(@ The penstock pipe is in-elastic and water is
incompressible

(b) The hydraulic resistance in the system is negligible

(c) The water flow velocity in the pipe varies directly with
the gate opening and with the root square of the net
head

(d) The hydraulic turbine output power is proportional to
the product of the head and volume of flow

2.3 Penstock Pipe and Turbine system

In a micro hydro turbine system, the penstock is the pipe
which carries water discharge from the head tank (forebay)

to the turbine unit. The velocity of the water in the penstock
will be determined by the pressure head/elevation between
the intake and the powerhouse. The appropriate water
velocity and pressure head inside the penstock will
determine the turbine speed and hence the generator speed
but due to the fluctuation of water volume in the penstock
pipe, the speed of the turbine/generator varies as well which
affect generator rotation speed and frequency. In a
normalapplication, the speed and frequency of the micro-
hydro generator system must be maintained at a constant
nominal value of 1500 RPM and frequency of 50 Hz but
when connected to a local grid there is usually a tolerance of
+5%. So, in order to maintain this constant generator speed
and frequency value, most micro-hydro turbine system
regulates the rate of water discharge to the turbine which in
turn change the turbine-generator speed by the use of speed
governing system.

During the turbine operation when water discharge flow
through a penstock pipe, the micro-hydro turbine system
responses consists of two scenarios:

(a) The transient response: which is the initial state of the
turbine-generator speed response caused by the initial
pressure change due to the introduction of water flow to
the turbine system? In this case, the system is unstable
due to changes in turbine power and speed.

(b) The steady state response: when the turbine-generator
system stabilizes and gives the steady-state values of
speed and mechanical power

2.3.1 Penstock pipe modelling

A: Discharge Q(s) and Pressure head H(s)

Considering the water flow in the penstock pipe from the
inlet as point 1 (water entrance) and the outlet as point 2
(water exit) in Figure 2.1 below, the volumetric flow rate in
the penstock Q is given by;

Q=AU =AU, (1.1)
where; Q = water discharge (m*/s), A = penstock cross-
sectional area (m?) and U = water flow velocity in the
penstock (m/s), H or Hg = Water height (m) (In steady state
operating condition, H = H; while during transient’s
condition H# Hy)
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U

Figure 2.1: Water flow discharge through a penstock pipe

Water flowing in the penstock from the intake at point 1 and
exit at point 2 and when considering the volume flow rate in
the penstock, the amount of water flow at point 1 and point 2
will remains the same [4] and thus the water flow discharge
Q can be written as:

Q=AU (1.2)
From the above equation, the value of Q can be interpreted
as the rate of change volume discharge Av (m®) with a
change in time At (s) and depends on the water flow velocity
U and penstock cross section area A.

So applying Av to the above equation, the change in volume
flow of the water is given by:

Av _
— =AU (1.3)

Where: Av= change in volume flow and At = change in time

Re-arranging the above equation gives, Av = AUAtand
when differentiating with respect to time it gives, dv =
AU(t)dt

Simplifying the above equation based on the water flow
velocity in the penstock as a function of time, the change in
volume flow Av becomes:

Av = AU()At (1.4)
On the other hand, the water flow in the penstock from the
inlet and the exit can be related to the Bernoulli’s theorem
that:

L T A S H,

29 pg 1 29 pg (1.5)

Since both the penstock inlet and exit are exposed to the
atmospheric pressure, then p; = p, and also the velocity at
the penstock inlet U, is usually very small compared to the
velocity at the penstock exit U, due to large volume of water

from the forebay to the penstock inlet, so in this case, U,is
set to be zero (U; = 0)

Thus, the above equation can be simplified and becomes;
2
zi;+o+(111— Hy) =0 (1.6)

Let H represent the difference between H,and H, then the
water flow exit velocity U, in the penstock can be expressed

as:
Uz = ,lng

This is the exit velocity of the water in the penstock which is
the function of pressure head H and gravity. This is valid for
most micro-hydro turbine systems as the velocity of the
water flow in the penstock depend on the pressure head H.

1.7)

Consider the water volume flow between the inlet and exit
of the penstock pipe, the total change in volume of water
entering the penstock (Avj,) during the change in time At
should be equal to the change in volume of water exit from
the penstock (Av,,;; ). The above relation is based on the law
of conservation of energy.

The equation Av = AU(t)At can be expanded to determine the
volume of water entering and exit the penstock as follows:
AUexit = AZUZ(I)AI (18)

2
But A, = % where D, = diameter of the penstock pipe at
the exit point

2
Then; Av,,;;: = %x,/ZgH X At (1.9

When considering the AH(t) as the amount of water pressure
head in the penstock at the incremental time At, then the rate
of change water volume flow at the inlet Av,,,,, is given by;

BV = -AXAH(D) = — (“20)xaAH() (1.10)
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The rate of volume at the penstock inlet should be equal to

the rate of volume at the penstock exit, i.e. Av .=
Av,,;; Which gives the following relation:
—(”"1 )xAH(t)_”D2 x2gHXA (1.12)
This can be re-written as:
T = -(HO)x (22 (1.12)

Considering the continuous flow of water through the
penstock which will give the rate of change in time, At=0

So, the above equation can be written as;

% = -(%)2x1/2 gH(D) (1.13)
d”(” (DZ) x/2gH(t) =0 (1.14)

The above equatlon can be considered for the ideal condition
with no head loss in the penstock and it represents a first
order differential equation of the rate of change of pressure
head with time.

When considering the head losses on the system, the rate of
water flow discharge per unit time on the penstock must be
equal to the volumetric flow rate on the penstock, which
gives:

Q@) _ dH(®) |

1020, 2 2Px2gH(® (1.15)
But,,/ZgH(t Y = U(t)
Which gives;
HO -0 4+ (2 5PxU (6) (1.16)

The above water flow velocity with time U(t) is the velocity
at the inlet of the penstock;

U(t) = U ()

In this case when considering the two water flow locations
on the penstock inlet and exit and since water is
continuously flowing on the system, so the inlet and exit
water flow velocities may be represented as follows:

A U4 (1) = AU(1) Substituting the value of U,gives;

Uy(t) = 2Uz(t) = ( ) x Up(t) (1.17)
Which can also be written as;
U—§§ = (118)
Substituting the above ) ) values to the equation Qit)
d’;(t) (DZ) x U(t) will glves the following;
do(t) _ dH(®) (Ulz(t)) (1.19)

dt dt Ua(t)

The velocity U,(t)represents the water flow velocity at the
penstock inlet and the velocity U,(t) is the flow velocity at
the penstock exit. Since the speed of the water flows in the

penstock pipe will be determined by the approach velocity
from the intake which is given by:

Uy(t) = U= /2gH(t)

Substituting the U; = \/2gH (t)value to the equation —— dQ(t)

dH() U12(t)
dt (U (t))

(1.20)

gives the following;

do(®) _ dH(®)

dt dt Uz( )ZgH(t)

(1.21)

To maintain the constant speed of the turbine at a given
time, the water flow velocity U,(t) at the exit of the penstock
must be constant (U,).

Thus, the above equation can be written as;

dQ(t) _ dH(t) | 1.
dt  dt +U229H(t)

(1.22)

Taking Laplace transform of the above equation, assuming
initial condition to be zero gives the transfer function as
follows:
sQ(s) =sH(s) + 7-2gH()  (1.23)
2
Also, from the design formula, water flow discharge at the
exit Q, is given by the following relation;

Q. =AU, = ”DZ

U, (1.24)

In this case, considering the turbine design parameter values
of Q, = 0.45m*/s and D, = 460mm

Putting these values to the above equation gives the
following results for the water flow velocity in the penstock

pipe:
— 40 _
U, = D, 2.7 m/s

Then, substituting the values of U, and using g = 9.81 m/s?

on the equation

sQ(s) = sH(s) + ULZgH(s) gives the following relation;
2

5Q(5) = sH(s) + =2H(s) (1.25)
SQ(s) = sH(s) + 7.27H(s)
sQ(s) = H(s)[s+7.27] (1.26)

Re-arranging the above equation gives the following
relation;
H(s) _ s
05) ~ s+7.27 (1.27)
This is the transfer function of the pressure head H(s) to
flow discharge Q(s) in the penstock pipe which is
represented in the following Figure 2.2 block diagram.

— . —

h 4
A 4

|| s+7.27
Q(s) TF H(s)
Figure 2.2: Step signal input Q(5) to the signal response
H(s)
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On the other hand, when considering the water flow velocity
U inside the penstock pipe and in relation to gate opening G
and pressure head H, the following equation applies with per
unit values [5].

U=GVH (1.28)
For the non-linear model, the water flow velocity in the
penstock can be very difficult to determine, but when
substituting the value of velocity U with discharge Q value
as Q = AU. In this case, the following condition applies for
gate valve section: 0 <G<A and in per unit values this can
be written as 0 <G< 1 [6]

(1.29)

Q

where; G = Ag and A is the penstock area where water
2

flows and given by A = %: 0.166 m?

D = diameter of the penstock = 460mm

Eliminating the normalized values gives;

2 2 1
H=Q(AGY = 5 = G
Thus;
201
H= (5 (1.30)

The above equation can be represented in the following
block diagram with the input gate valve position G and flow
discharge Q and output pressure head H as shown in Figure
2.3 below.

VH \ i

(Q/AG) X (QYA'GY)

Figure 2.3: Formulation of hydraulic head H equation based on Q and G during modelling

B: Discharge Q(s) and Mechanical Power P(s)
The Power output per second (P(t)) from the hydropower
plant depends on the water discharge, weight per second,
pressure head and system efficiency. This relation is given
by the following equation.

P(t) = mQnH(t) (1.31)
where; P(t) = power per second, m = mass of water flow per
second, Q = discharge and H = pressure head and 7 is the
hydraulic efficient.

From the above formula the value of flow discharge Q and
pressure head H are usually maintained at a constant value at
the turbine entry so, in this case the weight of water flowing
per second can be expressed in terms of water density p and
water volume v as follows:

P(t) = pyQuH(t) (1.32)
From the above equation the volume v per second is referred
to as flow discharge, so the above equation can be re-written
as:

P(1) = pQ*H(t) (W) (1.32)

or in terms of kW capacity
P(t) = Q*7H() (kw)

Re-arranging the above equation and taking the Laplace
transform we get;

(1.34)

Substituting the value of H(s) to the above equation from the
transfer function of Equation 5.28 we get;

P(s) _ m@%)s
0(s)  s+7.27 (1.35)
Applying the following system design parameters, flow
discharge Q = 0.45 m*/s and hydraulic turbine efficiency =
72% to the above equation gives the following Laplace
equation;

P(s) _ s

o) s+7.27 (1.36)
The following Figure 2.4 is the transfer function block
diagram of turbine power P(s) to flow discharge Q(s) as
shown in details below

T = O

Figure 2.4: Block diagram of Q(s) signal input to P(s) signal
output

It is noted that in this case there is a gain value of 0.146 on
the transfer function for the flow discharge, Q(s) to the
power output P(s) compared to a previous transfer function
for Q(s) and H(s).

When relating the input signals for pressure head H(s) and
flow discharge Q(s), the power output signal can be derived
with the following relation based on mechanical power, head
and flow in the turbine as follows:

For the transfer function that relates turbine velocity to the
turbine head is given as [7];

TF(s) =7

|QI

(1.37)

o]
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But for a non-linear turbine model for this design where the
pressure wave in the penstock and water compressibility is
not considered, then the above equation becomes:

TF(s) = - —

Tws

(1.38)

where; T,,= Water starting time (1.79 seconds) ~
From the equation 5.38, substituting the U with Q/A we
p

get the following;

20
TF(s):#:-L

— (1.39)
where; A, = Area of the penstock pipe
Simplifying the above equation, we get:
AQ AF =22 (1.40)

w

In relation to modelling, the value of Ap is taken as a gain
(constant), so in this case, the mechanical power P,
developed in a micro-hydro turbine depends on the net
pressure head AH and water flow discharge AQ.

Then the equation 1.41 below relates the turbine mechanical

power Pm in with the net head
AH and net flow discharge AQ as follows:
P, = AQ AH (1.41)

But theoretically, power from the micro-hydro turbine due to
water flow discharge is given by equation 1.12. So, in this
case, the parameters pg are the power gains for the system
model and are represented as a constant value.

When considering per unit values of the mechanical power
output, the nominal operating point of the hydro turbine
need to be considered.

Thus, at the nominal operating point;

Signal apmlifier

Pn = pgH(Qn - Q,) and also Qy = AGVHs  (1.42)
where; Py = Nominal power of turbine, Hs = Water height,
Qn= Nominal water flow,

Q.= Volumetric flow losses.

When normalizing the above turbine power equation, we

get:
_H Qv Q-0

_H Q-0
Pm (p.u). = HSON—0, " HsaN-0. W (1.43)
Simplifying the above equation, we get:
P (p.U) = KeHp, (Q pu— QV pu) (1.44)

In this case, the value K, = power gain given by pg in
nominal values and K, = in p.u. values.

1- Qv(p.u)

The above Equation 1.44 with p.u. values can be simulated
based on the set parameters as shown on the block diagram
of Figure 2.5 below.

When turbine efficiency is considered during modelling then
the output turbine power obtained is the mechanical power
given by the following equation:

Pm = pgHAQn, (1.45)
The above equation 1.45 is the general equation used to
calculate the potential power output from a hydro turbine
system with known site parameters of head H and water
flow discharge Q. The required amount of water flow is
allowed to pass through the gate valve and discharged to the
turbine and cause the turbine to rotate which produce
hydraulic power. In the conversion process, the output
hydraulic power value must be multiplied by a power gain
which is pg factor from the formula and also turbine
efficiency n, in order to obtain mechanical power as shown
in Figure 2.5 below.

Hydraulic Tiar bine

Gate position

=

(Q-Onl) Power Gain  Efficiency

My

Turbine Pawer (kW)

= Mo load Qml

Figure 2.5: Penstock hydraulic model with power gain and efficient factor

2.3.2 Hydraulic Turbine modelling

In micro-hydro turbine modelling with a small variation
around an operating point, consideration should be made on
steady-state operating conditions and also on their linearized
condition which can be related by the Taylor series linear

equation as follows for the change in flow discharge and
mechanical power respectively [8]:
AQ =apyAH + apAG + apsAw
AP, = ayAH + a»pAG + axpAw
Where the constants:

(1.46)
(1.47)
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aj; and ay; = partial derivative of discharge and mechanical
power with per unit deviation in head

a;, and ay, = partial derivative of discharge and mechanical
power with per unit deviation in gate position

a3 and a,; = partial derivative of discharge and mechanical
power with per unit deviation turbine speed.

The above two equations are related to the small change of
water flow discharge, AQ and change in mechanical power,
AP, with respect to change in water head AH, change in gate
position AG and change in turbine speed Aw. Applying
partial derivative to the above equations in relation to the
penstock water flow dynamics, the transfer functions of the
micro hydro turbine can be developed as follows:

Equation 1.46: AQ = aj;AH + appAG + apAwwith partial
derivative gives as follows:
aQ aQ aQ
a11 = ﬁandalz = % and a13 = a
Equation 7.47: AP, = anAH + a,»AG + a,)Aw

Pm

Py, P,
a1 = Wandazz = E and ay3 = a_
w

In this case, the penstock-turbine Laplace transform transfer
function related to the change of mechanical power AP, to
the change in gate position, AG is given by [9]:

APy (s) _ azz—(aizxazi—aiq Xazs)sTy
AG(s) 1+aq1sTy

(1.48)

When considering the hydraulic turbine change in
mechanical power AP to the change in gate valve position
AG, the developed transfer function in the block diagram is
given in Figure 2.6 below.

e23-(a13xa2l-allx a23)sTw
1+allsTw

Figure 2.6: Block diagram transfer function of the
linearized turbine model

AG(s)— — APm(s)

To develop the system, transfer function we have to consider
for an Ideal hydraulic turbine (lossless turbine) at rated
speed and head with the initial values of partial derivatives
as follows [6]:

aj = 05, dip = 0, diz = 1

and

Ay =15ap=-1,ax=1

Substituting the above partial derivative values for the ideal
turbine we obtain the following short form linearized first-

order transfer function:

APy (s) _
AG(s)

1-sTy
1+0.55Ty,

(1.49)

The above Equation 1.49 has been represented in a block
diagram as the deviation in gate position and mechanical
power as shown in Figure 2.7 below.

- T
AG(S) ———] ———

—* APmis)

14+0.55Tw

TF
Figure 2.7: Stead state turbine-penstock transfer function
block diagram

From the above Equation 1.49, it noted that the main
characteristic of the transfer function is that behaves as a
non-minimum phase system on the Laplace transform s-
plane.

The term T, is related to the micro-hydro turbine water
starting time which depends on the speed of water flow in
the penstock. It can be defined as the time required to
accelerate water flow in the penstock pipe from the
minimum speed at the water entering the penstock to a
maximum speed of the water exit from the penstock.

Mathematically;

T,=—2% =179 seconds

T H XApx g (1.50)

where; L = length of the penstock (162 m), Q = design
discharge (0.45 m%/s), H = design head (25 m), A, = area of
the penstock pipe (0.166 m?) and g = acceleration due to
gravity (9.81 m%/s).

The value of T,is an important parameter used in micro-
hydropower modelling and this value usually varies because
it depends on the speed (U) of the water flow in the
penstock. Typical values of T, for micro-hydropower
systems range between 0.5 seconds to 4.0 seconds [6].

In this case, using the T, value of 1.79 seconds for the
turbine design and by referring to the equation 1.50 and
Figure 2.8, the stead-state turbine-penstock transfer function
for the change in gate valve position AG in relation to the
change in mechanical power AP, can be represented in the
following block diagram. Also, in this case, an integrator
and feedback control loop has been introduced on the model
together with the signal filter as shown in Figure 2.8 below.

J . -1.795+1 ol 11s 5 D

0.895s+1
AG(s) TF AP{S)
Figure 2.8: Block diagram for stead state turbine-penstock
of a linearized micro hydro turbine model

Integrator

On the other hand, the micro-hydropower systems with short
and medium penstock length like that of Hhaynu river in
Mbulu, the design consideration has been based on a non-
linear system model, where the transfer function does not
consider the travelling pressure wave and water
compressibility, thus gives the simplified transfer function as
follows [7]:
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In hydraulic modelling, the relationship between power
output signal P(s) to the water flow input signal Q(s) is
obtained by substituting the values to the above equation
1.51 with H(s) values from equation 1.34 on which we
obtain the following relation:

AU(sMQ® _ 1

P(s) T sTw (152)
AU(s) _ 1 _ 1
AP(s) - nQ2%x sTw ~ 0.26s

AUG) _ 1 (1.53)

AP(s)  0.26s
where; Q = 0.45 m*/s, n = 0.72 and sT,, = 1.79 seconds.

This is the transfer function between the water flow velocity
in the penstock to the power output from the turbine.

3. Conclusion

In the hydraulic turbine system model, the following
parameters were used as modelling parameters to develop
system transfer functions, water flow discharge, Q through
the penstock pipe and pressure water head, H which have
been obtained from the site measurements. The input
parameter of hydraulic turbine system model is the water
flow discharge/velocity through the penstock pipe with
gating system to the turbine unit on which when modelled
produce turbine power (Mechanical Power), P, as output
parameter. The modelling results shows that, the mechanical
power produced is related to the amount of water flow
discharge/velocity in the penstockpipe to the turbine system.
Using the design parameters as modelling values for Q and
H, the output turbine (mechanical) power, P, obtained
during modelling is 79.5 kW with the hydraulic turbine
system efficiency, n,, of 72% with water starting time, Ty, of
1.79 seconds.
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