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Definitions

1. Generalized Multi-Index Mittag Leffler
Function

For Aj, B;, A, p € C, the generalized multi-index Mittag
Leffler function is defined by Saxena and Nishimoto [13] in
the following summation form

(A)pk xk

T4 k+B)k' (m

Easy), @ = Z T
eN) (1 1)

where Re(B;) > 0and Y72, Re(4;) >
max { Re(p) -1;0}.

For m =1 the generalized multi-index Mittag Leffler
function (1.1) reduce into the generalized Mittag-Leftler
function given by Shukla and Prajapati [16] and defined as

A0 _ (l)pk ﬁ
Eap () = L T(Ak+B) k!’ 1.2

where A,B,A € C; Re(4) > 0,Re(B) > 0,Re(1) > 0
andp € (0,1) UN

Form = 1 and p = 1, the generalized multi-index Mittag
Leftler function (1.1) reduce into the_generalized Mittag-
Leffler function given by Prabhakar [10] defined as

v @«
Efg(x) = kzomﬂ, (1.3)

where A,B,A € C; Re(A) >0, Re(B) > 0, Re(4) >
0,x € C and (1) is the well known Pochhammer symbol.

2. Generalized Multi-Index Bessel Function

For A;,Bj,A4,€ C,u>0,Re(1) >0 the generalized multi-
index Bessel function is defined by Choi and Agarwal [1] in
the following summation form

B}{“( x) = Zn

€N) (2 1)
where Re(B;) > —1 and Dy Re(4;) >
max {0; Re(u) -1}
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3. Generalized Fractional Derivative Operators
For p = [Re(y) + 1] and x > 0, where oy, oy, B1, B2,
y € C with Re(y) > 0, the generalized fractional

derivative operators are defined [ 12, 14 ] as follows:

Da1 ,2,01,B2, 'Vf(x) (Io_fz'_al’_ﬁz’_ﬁl‘_yf) (x)’ Re(y) >0

d\* —ap—ag,—- B~
— (a) Iofzr ay,=Ba+u—P1, V+Ilf)(x)_ (3.1)

Do P ) = (1 TP () Re(y) > 0

~(— LY (e () (3.2)

Where generalized fractional integral operators are defined
as

(I(‘)x_:“XZrBl»ﬁZ»Yf) (X)
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_xm IN (x-t)r1 F, (al’ pfs Boiyil—t1— 5) Fb)dt. The following image formula for a power function under the

T o e ' * ¢ generalized fractional integral operators is given [12,15] as

follows:
and
a1,a2,81.82.Y
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-2 (t- )y—l
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£+ f, ety —a;—ay, E+y—a,—pf ’ '
where Re(e)> max{Re(a; + a, + B; — §), Re(a, — ,),0} and
(I(‘)Z_Lazfﬂpﬁzfyt—sxx)
e ta -y te a,+B,—y+e —f1 +¢ —e—ay—ayty
=T g, ata, +B,—y+e, — B +el” U (34
Where, Re(e)< 1 + min{Re(—pB;), Re(a; + B —7), integral operators is given [12] as follows:
Re(a; + a, —y)} and
a1 By pe-1 _ _T@rE+y-p1) _e-p;-1
(o ™ 00 = T mrepn B9
al, az, as I'(ay)I (a)! (a3)
ﬁp B, ﬁg] = FBOT BT (Bs) where Re(g)> max{0,Re(B; —y)} and

The generalized fractional derivative operators reduce into
the saigo’s fractional

derivative operators due to the following relations:

(Do P ) @) = (DY 577 ()3 Re(v) > 0. (3.5)

(DO 2,P1,B2, Yf)(x) (DY 2=V, B2~ Yf)(x); Re(y) > 0 (3.6)

Do TF () = U ) Re(an) > 0

d —ay+u,—fr1-paty—u
SENG: D6 = [Re(@) +11.(3.7)
DEPY f(x) = U ) (x); Re(a) > 0

d —a+ g+
Y R ) = [Re(a) +11,G9)

(

Where saigo’s fractional integral operators introduced by
saigo’s [11] and defined as follows:

AP £ (x)

_x —a1-B1

o J o= M oF (@ + B, —y; @i 1 2) f(OL,
UG @)

= )f (t—x)a te=ohiyp, (a1 + B, -V a1 —
%) f(yat.

The following image formula for a power function under the
saigo’s fractional
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Ir'(B1—e+1)r(y—e+1)
r(1-e)r(a1+p1+y—e+1)

(U PrY 5=y (x) = xF1-1 (3.10)

where Re(e)< 1 + min{Re(B,), Re(y)}.

Let 1(x) = X7 Crx® and fo(x) = Xp—o Dex® be two

analytic fuctions with their

radii of convergence Ry, and Ry, respectively. Then their
Hadamard product [13,16] is

given by the following power series:

b =frhG =) GD* (x|
<R),(3.11)

Where R. = Ry . Ry, is the radius of convergence of the
composite series.

4. Main Results

Theorem 1. Let o;, a,, By, B2, Y € C be such that x >
0,Re(y) > 0 and the conditions givenin (1.1),(2.1)
and (3.7) be satisfied. Then the left sided Saigo’s
derivative of the product of generalized multi-index Bessel
function

(B])"”(x)
)., (x) is given by

and multi-index Mittag Leffler function

(AB
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1=0 k=0
Where ® stands for convolution product of two functions

Proof. We refer to the left hand side of equation (4.1) by
the symbol D;.

Then making the use of equation (1.1),(2.1)and (3.7) in
(4.1), we have

011 BLY ),6-1 (A)ul (_x1t)l
{t ZH T4t +B+1) U

(A)pk (xzt)k
* ;H}’LJ(AJ k+B;) k! H @

D)D) pi

(4.1)

After changing the order of summations and derivative
operator under the conditions of theorem, we obtain the
above as

Z (A)[,l.l (_xl)l
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Using the image formula for power function under
generalized operator (3.9), we get

z D pic
[, r(4; 1+ B+ 1) < [T,

L L r(4;k+B)
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! k!
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Further, applying the definition (1.1) and (2.1) and
convolution product on two series, we obtain

(4;
D, Ex5+l31-1{ (s ])"”( x;) X E(A ) (xz)}

Tl +k+8)(ay +f+y+8+1+k)
) ).
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Where ® stands for convolution product of two functions

Theorem 2. Let ay, o, , B4, B2, Y € C be such that x >
0,Re(y)> 0 and the conditions given in
(1.1),(2.1) and (3.8) be satisfied. Then the right
sided Saigo’s derivative of the product of generalized

j)m,l

A
multi-index Bessel function J E 5 (x) and multi-index

(A L+ B+ ) X[ (4 k+8) It K

(t8+k+l—1)] (X)
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(4.2)

Where ® stands for convolution product of two functions.

Proof: We refer to the left hand side of equation (4.2) by the
symbol D,.

Then making the use of equation (1.1),(2.1)and (3.8) in (4.2),
we have

D, =

D (=x1)!
061 Buy -6 H
Po- {t Z]‘[ T4 1+B+1) U

(D) pi (xzt)k}]
X — (x)
,Z:(:, ML r(ak+8) k|

D
Mittag Leffler function E( AiB)) (x) is given by After changing the order of summations and derivative
operator under the conditions of theorem, we obtain the above
as
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Using the image formula for power function under generalized
operator (3.10), we get

_ i i D) e
ST T (A L+ By + 1) X T2, T (4) k + B))
% (_x1)l@
! k!
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Further, applying the definition (1.1) and (2.1) and
convolution product on two series, we obtain

(4;
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Lily TE—-1-ITGE+y—pi—1—k)

Where ® stands for convolution product of two functions.

5. Special Cases

In this section, we will derive the following new composite
formulas with the help of the main results

Corollary 1. Let the conditions of Theorem 1 be satisfied and
o; = 0, By =1 then the Theorem 1 reduced in the following
form:

[ Doy {t~ 1)

(B; ma( 1t) X E(A Bj). ()} (%)

(45)
_x‘s{J( )"”1( X)) X E(A ) (xz)}

o UHkEs+Y)
®ZZ (+k+06) e

=0 k=0

(5.1)

Where @ stands for convolution product of two functions

Corollary 2. Let the conditions of Theorem 2 be satisfied
and a; =0, y =1 then the Theorem 2 reduced in the
following form:

T r(A L+ B+ 1) XTI, T(Ak+B;) 1T k!

(t—5+l+k)](x)

( J)ml

[Dglgl'l {t_sJ(B) (x1t) X E(A By, (x20)}3](x)

- (4,
=x 6+ﬁ1{ (B])mj( x;) X E(A ) (xz)}

Where @ stands for convolution product of two
functions
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