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Abstract: In this paper, a semi-closed analytical formula for the values of European call options on the maximum of two-asset options
under the Mixed Fractional Brownian Motion model with Jumps (JMFBM) are derived by measure transform and equivalent martingale.
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1. Introduction

Options are very popular financial derivatives and have
always played an important role in the financial markets. In
1973, Black and Scholes [1] proposed a famous option pricing
model, which laid the foundation for later scholars to study
the application of options in financial markets. In response to
the development of the financial market, financial institutions
have developed a variety of exotic options, among which
multi-asset options have attracted the attention of many
scholars and investors. The rainbow option is a type of
multi-asset option, first proposed by Margrabe [2] in 1978. Its
purpose is to maximize returns among multiple risk assets. A
few years later, Stulz [3] derived a semi-closed analytical
formula for European call and put options under the two-asset
Black-Scholes (in short, B-S) model, which is based on the
minimum and maximum values of the two underlying.
Rubinstein [4] derives a pricing formula for rainbow options
under the assumption of risk-neutral, which relies on the
maximum or minimum value of the underlying asset price.

The option pricing problem is usually studied on the classical
B-S model [1], where the stock price is described by a
Geometric Brownian motion (in short, GBM). However, B. B.
Mandelbrot and J. W. Van Ness [5] observed long-range
dependence of stock returns and gave the definition of
Fractional Brownian motion (in short, FBM). Many
subsequent scholars have applied Fractional Brownian motion
to simulate stock price volatility. jork and Hult [6] and
Kuznetsov [7] found that this is not reasonable because it has
the possibility of arbitrage. To address the problem of
arbitrage, Cheridito [8] argued that it is more reasonable to
use the Mixed Fractional Brownian motion (in short, MFBM)
to model the volatility of financial assets. The mixed
Fractional Brownian motion is a Gaussian process that is a
linear combination of a Brownian motion and a Fractional
Brownian motion with Hurst exponent H > 1/2. Cheridito [9]
proved that there is no possibility of arbitrage in the market
when Hurst parameter H € (3/4 1) in MFBM model.

Financial markets are susceptible to a variety of unexpected
events, and the Mixed Fractional Brownian Motion model
with jumps is a versatile and expressive model that combines
the jump diffusion process with the characteristics of Mixed
Fractional Brownian Motion, which can not only simulate
large jumps and small fluctuations, but also capture the

long-term memorability and non-Gaussian behavior of the
market. Therefore, in order to be closer to the actual situation,
this paper introduces the jump process to describe the
dynamic process of the underlying asset based on the Mixed
Fractional Brownian motion, which is referred to as the
JMFBM model. And based on the JMFBM model, a
semi-closed analytical formula for the two-asset European
maximum call option is derived.

2. The two-asset JIMFBM model

Basic Setting of the Pricing Model.{Q, F,{; },.,, P} be a

complete probability space equipped with a filtration{#} for

0<t<T, and P a risk-neutral measure. Under the
risk-neutral P measure, the return dynamics under the
one-asset JMFBM model are given by the following
stochastic differential equation (SDE):

ds

— = (r-ax)dt + adw (1) + SdW " (1) +(eJ —1) dn, (1)

S
where S ={ S ,t >0} denotes the stock price process, r the
risk-free interest rate, W ={W(t), t >0} is the standard
motion and W" ={W"(t), t>0} is an

independent standard Fractional Brownian motion with Hurst
index H € (3/4, 1) and o, B are some real constants not both

Brownian

zero, N ={ N ,t > O} is the Poisson arrival process with jump

intensity A and J the random jump size of the log-returns with
expected relative jump size k. Applying fractional It6’s
formula to (2.1) yields the exact solution:

S, =S, exp((r-;o:2 -ﬂrc)t-%ﬂztz” +aW(t)+ﬁw”(t)+ZJk) )

where J, , k =1, 2, 3,... are independent jump sizes that have
an identical distribution to the random jump size J.

Correspondingly, under the two-asset JMFBM model, the
asset prices are given by:

1 1 M
sY =sy exp((r -Ealz - At -E,Bftz” +aW, () + AW () + Y J:I)J
k=1

)
)

1 1
52 =¥ exp((r -Eazz - Akt -Eﬂjtz” +a W, (1) + AW, @)+ D3P
k=1
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Where w,, w,", J,and N are independent of each other.
© W, =[W,(t) W,(t)]" consists of two correlated standard

Brownian motions, having correlation 2 with |p| <1, adapted
to the filtration.

© W, =W, ") w," )] consists of two correlated standard
Fractional Brownian motions, having correlation p, with

|p,| <1, adapted to the filtration;

© J=[3% 3?1, J¥ (k = 1, 2, 3, ...) are independent
jump sizes that have an identical distribution to the random
jump size J¥,i=1 2 and denote by N(s, &) the
univariate normal distribution with mean ¢ and standard
deviation & J” ~N (y, , (Siz), i=12 .The kth junps
J¥(i =1,2) occur together, driven by the same Poisson
arrival process N, with intensity 4 ,and are correlated with

correlation p,,|p,| <1.

i, is the expected relative jump size of asset i

1o
i

x =E[e" —1]=¢""
3. Pricing Formula

With the explicit solution of the stock price S{” in hand, in this

section the pricing formula for European call options on the
maximum of two-asset options under the IMFBM model can
be derived.

Definition 1. A European call-on-the-max option gives its
purchaser the right to buy the most expensive asset at the
strike price K at expiration T. Its payoff is given by:

Vmax—on—call = I:maX(S'I('])’ S:)) - K:I
= -K)L, +(s"-K)L,, Q)

_ (1) (2) _
=S 1A1 + S 1A2 K1A3

T

where 1, denotes the indicator function of an event A .

A ={SY 2S? and S’ > K}
A ={S? >s?” and S¥ > K} (5)
A ={SY>K or Y >K}

Accordingly, the value of a European call-on-the-max option
under JIMFBM model at time zero is given by:

Crnax (88,887, T; K)
e EP [S'I('l)lAl + 342)1142 - K1A3 | j:o]

1 1
=si EP[eXp{(-Ealz - Ax)T -5 BT

Np
+aW, (T) + W, (T) + kZ;, Jlsl)}lfu | ~7:o]

. . (6)
+ST(2)EP[eXp{-§a22 -k, T 'E,BZZTZH

Nr

+a W, (T) + SW, ' (T) + kz: Jéz)}l 2 | -fo]
=)

_e_rT KEP[lAa | }:)]

=L +1,-1

Next, calculate 1, 1., I,.
Considering the equivalent martingale measure Q, of P,

where the measurement transformations are performed with
reference to part 3 of [10] and [11].

Under the r the probability measure space {Q, F ,{.E}tzo, P},
over the time interval [0, T].

_ 99

L‘_dPt

[ 1
=exp| —(Z70)" W, - > eTzlet}

- )
1 -
xexp| —(27'0,) W —EOH zHlath“}

- .
xexp| —Axt+ Y (@'J, + v)}

k=1

Where Ep[L]=1, L

t

is a Radon-Nikodym derivative of

some equivalent measure Q, with respect to P,

oy ol el )2
veR, k=e"E,[e* ']-1,

and exist standard Brownian motions W, (t) , W,(t) ,

Fractional Brownian motions W," (t) , W' (t) under Q, such
that

dw (t) = e, dt +dw t), dw,(t) = 6,dt +dw, (1),

dw" t) = o, dt +dw " t), dW" (1) = 0,dt +dW" (1) .
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dw, () dW, (1) = pdt , dW." ()dW," (t) = p, dt .

NI
Under Q,, the compound Poisson process ZJk has an

intensity rate: 1= A(1+x).

First, consider the term of 1 :

1 1 N
Ep[exp{-Eaf - k)T - > BT +aW (T)+ AW (T)+ X I 1 | R}

(8)
Set

L(tl)—ex _1 2 _1 24.2H
= exp{( 5% Akt 5 A
N 9)
R AORT A EDIN

Then L}’ is formally identical to (7). For the first Brownian
motions part in (7) there holds

1
exp [—(219) W -—0 zlet}
2

0p-6 -0 1 6" -2p06 +6'
= exp £ W (1) + Zzwz(t)fftLljz (10)
1-p 1-p 2 1-p

0.p

1 2
=exp[-—at-aW (t)]
2
Comparing this to (9),

0p-6 0p-6, 0 -2p060 +0
—a,, ~ -0, 2 SRR
1-p 1-p

1- pZ
Which is satisfied for

0 =-a,0 =-pa

1

Similarly, for the Fractional Brownian motions part in (7)
there holds

. 1 .
exp[—(zH*eH) A _Ee“ zlth“}

12 -6, 6 -6,
:exp{ 2 Pu - H1 WlH )+ 1P - H2 WZH -
17pH lpr

1
—t
2

2H 9:1 _ZPHngaHz +622H :|
2
1-p;

1 oo H
=eXp[‘gﬁ1t + AW, (V)]

11)
Which is satisfied for
0,,==8, 6, ==P.P,
Similarly, for the Jump process part in (3.3) there holds
exp [—M’t + i @, + v)} = exp[i T (12
k1 o1

Which is satisfied for v =0, a=[1 0]', and hence x = x .
Under Q,, The moment generating function for the kth jump
sizes J, =[3® J\P1" is defined by:

M, (u+a)
M PJ (a)

MQ“J(u):

. 1 N
=exp{(y, + Sy + (7, + PS5, + E(Ulzé‘lz +2p8,6,uU, +U35;)}
(13)

Hence, J, is bivariate normally distributed under Q, with

J"~N(r,+6,8), 3" ~N(y,+p,50,, &) (14)

1 p
2 =|:/03 l:|

and covariance matrix
(15)

Consequently

1 1 i
Ep[exp{—zaf - 2K)T - EﬂfT M aW (M) + AW (M) + D IR | R}
k=1
=E, [, 1%]

QLA 7]
2 _r ﬁ,lT "
e B o 4N, =n, £)

n!

(16)

Next calculate the probability Q (A [N =n, 7).

{Si'l) ZSErZ) | NT =n, ‘7.;)}
fe—

(]

s 1 1 1 1
{n=-+lza; ——af + A0k, )T +(Z 4, - - BT}
7 2 2 2 2

@

>[a W, (T) - W, (M +[BW," (T) - AW." (T)] + Z Lo -1}

=
(o) , 1 , ,
{n—+[=a -=a - paa, +a’ +Ai(x —&)IT
s’ 2 2
l 2 1 2 2 2H
+(;,Bz —;ﬂl —p BB, +a)T

> [ W, (T) — aW, (T + [BW," (T) = g (] + D03 — 3}

Let N =n,

o 1
X, =Ih—+[- azz + —af —pao, + Ak, — )T
S‘Z) 2 2
17)

1 2 1 2 2H
+H=B, =B —pBBIT
2 2
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Y, = [ W, (T) — e W (T + [B," () — gL (7] + D03 —

(18)
Where under Q,
Yll - N (ll’lu’ 0-121) (19)
calculate mean and variance
/Illzn(yz_y1+pJ5152_512)' (20)

=(a +a —2paa)T+(B +p —2p g8 )T"
+N(5" +3, —2p,5,6,)

(21)
Let
X —
d11 = 11—/111 (22)
011
0-11
Thus

{8/ 287N, =n, £} {X, 2V, }={d, 27}
Similarly,

{SV>K|[N =n F}e{X,2VY,}={d,>7,}
Where

X 1 2 1 2: 2H
= |n—°-+-(l‘+—a1 —Ax)T +—ﬂ1T
K 2 2

(24)

Y, = -aW,(T)- gW," (T) - 223", Y,, ~ N(u,,02) (25)

calculate mean and variance

ﬂlz = _n(y1 + 512) (26)
oL =aT+pT" +ns (27)
Let
X _
d12 — 12 /ulz (28)
0-12
z, =22 N0, (29)

12

Under Q, the Z and Z, are correlated standard normal
random variables, with correlation coefficient
- EQ1 [Y11Y12] ~ My by,

P, = (30)
6110-12

Where

Eq Y, Y. 1=(a —paa)T +(8 —p AB)T"
(31)
N[5 +p,55,+ (7, +8 )y, +p,55,)]

N
-, 7]

Let ®(X, y, =) denote the bivariate normal cumulative
distribution function (cdf), evaluated at (x, y), with mean
[0 0]" and covariance matrix X.

and covariance matrix

(32)

Thus
QA IZE)
- Z Q (AN =n, F)
(33)
_Z Q(Z —d11’ le<d12)
= Z (D(dna duazl)
get
2 AT
=5 e” u(I)(dn, d,>,) (34)
n-o n!
Next, calculate |, . By symmetry:
: AT)
I, =s">e" u<1>(d21, d,.>,) (39)
-0 n!
Where
S(Z) 1 , ,
X, =In ——+ [—a, +—a, —paa, +A(x, —«)T
S
. (36)

1 2 1 2 2H
+H=B +=B, —pBBIT
2 2

Y, = [ W (T) - W, ()] + [BW," (T) - W, (T)] + 3 [ -3
(37)

Y21 - N(/'lm’o-i)

calculate mean and variance

21:n(71_7/2+p15152_522) (38)

oo =(a’ +a’ —2paa)T+(B +p —2p BT
+Nn(8; +6, —2p,6,5,)
(39)
Let
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Xy~ H
d,=—"—"= (40)
621

Y -—
z, == N (1)

O-Zl

where
:) 1 2 1 2er 2H 42
X, =IN——+(r+—a —Ax)T+=BT (42)
K 2 2

Y22 = 7an\72(T)7ﬁ2V\72H (T)fzj':n’ Y22 - N(,Uzz,o-zzz

(43)
calculate mean and variance
Ly =—N(y, +62), o =T+ AT 405" (44)
Let
X, — U
dz2 — 22 22 (45)
0-22
Y _
z, =22 N1 (46)
0-22
Eo,[Y.Y,.1=(a —paa)T+(B —p BA)T"
(47)
—n2[§j +p, 66, +(y, + 522)(}/1 +p 60, )]
ﬁz — EQZ [YuYzz] Myt (48)

6210-22
Finally, calculate I, .We have

P(A | %)
- AT)

=D MP(SP >K or SY>K|N, =n, %)
n!

AT)
e u[1— P(SY <K and S? <K|N, =n, F)
n!

(49)
It holds that
{SY <KI|N, =n, %}
=
K 1 2 1 2. 2H
{Ih——=(r——a, —2x)T+—pT
! 2 2
> oW, (T)+ AW, (T)+ > 2"}
Let N, =n
K 1 2 1 2 2H
Xyg=In——(r——a —2c)T+-4T (50)
s” 2 2

0

Yo =W (T)+ W (T) + 237, Y, ~ N(u,,0.) (51)

k=1

W, =ny, oo =aT+BT" +n5 (52)
After that
Xy —H
d,=—— (53)
0-31
Y _
z, == N (54)

631

{S? <k|N =n £}e{X, 2Y}o{d, >7}

And
(v
{S; <KJ|N, =n, 7}
=
K 1 2 1 2. 2H
{|n——(l’——0(2 — A )T+—pT
(:’ 2 2
>, (T)+ W, (T)+ 23"}
let N =n

K 1 2 1 2 2H
Xy =IN——=(r——a, —2)T+=4T (55)
SKZ) 2 2

0

Yap = aW,(T) + AW, (1) + 2337, Yy ~ N (i, 07,
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(56)
calculate mean and variance
My, =Ny, (57)
o, =, T+BT" +n5; (58)
Let
X, —H
d, =—2—2=2 (59)
0-32
Y —
zZ,= =2 N0 (60)
032
{s! <k|N, =n £}e{X,2Y,}o{d,>Z}
__EplYV Y- su
p3 — P 31/732 (61)
0_31632
With
Eo[Y,Y,1= paaT +p BAT" +n°S’ (62)
1 5
sl 7] ®
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Hence

P(A | F)
- AT)

=De” QP(S? >K or SY>K|N, =n, %)
n!

L (AT

—Z

[1 PSP <K and S? <K [N, =n, F)

- AT
_ye ! ’[1 ®(dyy, gy, 5,)]
" (64)

Last

|3 =efrTKZ (AT)

n=0

[1 q)(d3l’d32’2)] (65)

Summarizing, the semi-closed analytic formula for the values
of European call options on the maximum of two-asset
options under the Mixed Fractional Brownian motion model
with jumps (JMFBM) are given by:

Cro (5,59 TiK) =50 Y e 2L o, d,.5)

+S@ ieWT (4, T)

n=0

e "TK Ze%T %[1_ D(dy, sy, 35)]
(66)

(D(dzll dzz ' 22

4. Conclusion

In this paper, a semi-closed analytic formula for the pricing of
European call options on the maximum of two-asset options
under the Mixed Fractional Brownian motion model with
jumps (JMFBM) are derived using measurement
transformations and Radon-Nikodym derived, which
facilitates faster simulation and computation of option
pricing.
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