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Abstract: This paper studies VIX option pricing when interest rates and volatility are random. It proposes an affine framework based on
a mixed jump-diffusion model. This model uses a Vasicek random interest rate process and a jump component for random volatility. This
helps capture interest rate risk, volatility risk, and jump clustering in financial markets. Under a consistent pricing framework, we build a
combined system. This system includes Hawkes-type price jumps, volatility jumps, and random interest rates. We then derive the related
generalized characteristic function. The pricing problem is solved using the Fourier Cosine Series Expansion (COS) method. Compared to
traditional models, this extended model lowers the root mean square error in VIX option pricing. It performs especially well during periods
of monetary policy changes and financial market stress. This research offers a new theoretical framework and empirical tools for pricing

volatility derivatives in complex market settings.
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1. Introduction

VIX options are key derivatives for measuring market
volatility, making their pricing an important research topic in
financial engineering. Major crises like the 2008 financial
crisis and the 2020 pandemic show that traditional pricing
models fail to properly capture volatility movements during
panic periods. Especially during major shifts in global
monetary policy (like aggressive interest rate hikes in
2022-2023), the interaction between random interest rates and
volatility risk becomes more prominent [1]. This creates two
new challenges: On the one hand, changes in monetary policy
frameworks (like the Fed’s average inflation targeting)
strengthen asymmetric links between rates and volatility [2]
On the other hand, high-frequency trading environments
amplify the self-excited spread of jump risks [3].

This paper builds the first unified affine model combining
stochastic interest rates, stochastic volatility, and Hawkes
jumps. It solves the joint pricing problem for volatility and
price jumps under random interest rates. Current research has
three main gaps: First, Hawkes process applications often
assume constant interest rates [4], ignoring rate randomness.
Second, traditional stochastic volatility models don’t fully
integrate volatility jumps with price jumps [5]. For example,
while Eraker et al. [6] confirmed volatility jumps exist and
Broadie et al. [7] built pricing frameworks, neither examined
their interaction with interest rate dynamics.

Third, high-dimensional models cause “dimensionality
problems”: Fang et al.’s [8] COS method works well in two
dimensions, but Zhang et al. [9] showed its convergence
speed drops sharply in three or more dimensions. This leads to
significant pricing errors during policy shifts, like Wang et
al.’s [10] finding of abnormal rate sensitivity in VIX options
on FOMC days.

This led researchers to adopt self-exciting point processes for
jumps. For example, Merton [11] introduced compound

Poisson processes but couldn’t explain jump clustering;

Hawkes [12] solved this with self-exciting processes using

contagion mechanisms; Bacry et al. [13] applied this to
high-frequency pricing; Ait-Sahalia et al. [14] first used it for
financial contagion modeling; Zhang et al. [15] explored its
application to VIX futures. However, these models ignore
how the random nature of interest rates affects jump intensity
[16]. Research into the impact of random interest rates started
with Ahn and others [17]. Bakshi and others [18] showed that
it can cause pricing errors for long-term options of up to
twenty percent. There is a policy-sensitive link between
interest rates and volatility: Duffie and others [19] revealed
their nonlinear relationship using affine jump-diffusion
models. Stochastic volatility models have evolved from
single-factor to multi-factor types. The Heston model
struggles to capture the changing nature of volatility because
it assumes constant variance [20]. Christoffersen et al. [21]
improved their accuracy by adding the leverage effect. Erel et
al. [22] showed that for every one percent increase in
volatility jump size, the probability of a price jump increases
by a factor of two point three. Also, for numerical calculations,
the Fourier transform techniques face two major challenges.
First, the FFT method by Carr et al. [23] works well in one
dimension, but Tour et al. [24] showed that for
three-dimensional models, the computational complexity
grows exponentially. Second, the convergence speed of the
COS method deteriorates sharply in more than three
dimensions [25].

This paper makes two key innovations. The first is developing
the first three-dimensional framework that combines the
Vasicek interest rate model, the CIR volatility model, and
Hawkes jumps. It uses an interest rate-jump coupling
parameter to capture how policies amplify panic sentiment,
overcoming limitations in the work by Zhu et al. [26] and Lian
et al. [27]. The second is improving the COS method to boost
efficiency for high-dimensional problems. Validated by Chau
et al. [28], this makes calculations for three-dimensional
models eight times faster, effectively solving the
dimensionality issue. The rest of the paper is organized as
follows: Section 2 describes the model assumptions. Section
three presents the derivation of the characteristic function.
Section four covers VIX option pricing. Section five provides
the conclusions and future outlook.
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2. Model Building
2.1 Basic Model and Assumptions

Let (Q,F, {F;}o<t<r, Q) be a filtered probability space. Here
Q is the risk-neutral probability measure, which E means the
expectation under this measure Q. In this filtered probability
space (Q, F, Q), we consider the following dynamics for the
S&P 500 index, denoted by S,:
ase _
Se—
avy = 1, (6, — Vp)dt + rIV\/thWZ,t
dR; = Kk, (6, — R)dt + 0, dWs,

(R, —m —fid)dt + [V, dW, , + (et — 1)dN,

2.1)

Here S, is the asset’s initial price, m the continuous dividend
yield, and 7 the mean jump size. For parameters «,, 8,,1,, are
the mean-reversion speed, long-term average level, and
volatility of wvolatility for the instantaneous variance
V;, K, 0, 1, are the mean-reversion speed, long-term average
level, and volatility for the instantaneous risk-free rate process
R,. We assume the Feller condition 2k,,8, = nZ holds to keep
the stochastic ~ volatility =~ process V.,  positive.
Wy, Wy, W3, Wy, They are all standard Brownian motions
under the risk-neutral measure Q. Their correlations are

constant dWl,tdWZ,t = p12’ dW]_,tdW&t = p13.

We assume the jump sizes {Y;};»; are independent and
identically distributed (i.i.d.) random variables. The term
et — 1 represents the percentage change caused by a price
jump. In our model setup, each jump size Y; follows a normal
distribution N (,u I 0]2). Because the jump size is log-normally
distributed, we can find the expected value of the original
jump percentage:

=Bt - =exp(y+i0f)-1 (@2
{N,}ts0 It is a Hawkes process with random intensity A, that
changes over time. It satisfies the equation:

dﬂ.t = K}L(HA - At)dt + T)AdNt (23)

Here A, is the initial value. The parameters k3, 8,,7, are all
positive constants. We assume k; > 1, to ensure the intensity
process is stationary. The full market model is then given by:

ds, -

;_t = (Rt —-m— n/’lt)dt + \/thwl't + (eyt - 1)dNt
Ve = 16,(6y — Vo )dt + 1,/V, AWy,

dR; = K. (6, — R)dt + n,.dWs,

d/1t = KA(H}L - lt)dt + r]AdNt

(2.4)

The model shows, when a jump occurs, the jump intensity
process A; of the Hawkes process instantly increases by 7;.

After this, the intensity decays exponentially at a rate k. This
self-exciting property of the Hawkes process makes it
well-suited for modeling jump clustering. We call this the
SVJR model. This abbreviation will be used throughout the

paper.

2.2 Calculating the Volatility Index

The Chicago Board Options Exchange (CBOE) significantly
changed how it calculates the Volatility Index. Before
September 2003, the VIX (now called VXO) was calculated
using implied volatility from 8 at-the-money options on the
S&P 100 index. These options had expiration dates closest to
30 calendar days. The current method was developed jointly
by CBOE and Goldman Sachs. It uses a model-free approach
to calculate implied volatility from S&P 500 index options.

t+T
We define P(t,t + 1) = E [e‘ft des]. This P(t,t + T) is

the price at the time t of a zero-coupon bond maturing at time
t + 1. According to [29], it has the form:

P(t,t + 1) = exp{E(r) — F(*)R;} (2.5)
where
E@ = (6, - L) (F@) - 1) - 222
r 2K72« 4Ky (2 6)
F(r) ="
The theoretical expression for the volatility index is:
2@ AZ; 1 (F\?
6=l Pet+ Q@) () @D
Here 6; = % is the VIX index divided by 100, t = 2
100 365

represents the 30-calendar-day period in annualized terms, Z;
is the strike price of the i-th out-of-the-money (OTM) option
on the S&P 500 index, Q;(Z;) and is the The midpoint of the
bid-ask spread for the option with strike Z; at time t Z, is the
first strike price below the forward price F; at time, R, which
is the stochastic interest rate at time ¢.

i+1 i-1 th

The strike spacing AZ; is calculated as AZ; = z e

current VIX calculation uses a model-free approach. It
combines OTM call and put options on the S&P 500, where
the weights exactly replicate a 30-day log contract. Using
stochastic analysis, VIX squared can be expressed as the
conditional expectation of the log contract under the
risk-neutral measure (Derivations follow references [30]):

2 Str
5% = 2E¢ [log (;—t)] (2.8)
In the expression, F; = > (tit+r) e~ ™ the forward price of the

underlying index at time t to maturity t +7 m is the

continuous dividend yield of the underlying index. IE(tQ2 Is the
conditional expectation operator under the risk-neutral
measure Q, information available at time t? Later, we will
show that 87 it can be expressed as a closed-form expression
using the model’s state variables: the instantaneous variance.
V; The stochastic interest rate R, and the jump intensity A,.

Proposition 2.1: Under the SVIR model (2.4), 62 at time t
can be expressed as an affine function of the state variables V;
and A;:

§¢=cV,+al+ P (2.9)
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The coefficients ¢, a, § are given by:

1-e *VT
(2=
KyT
1-e7 77

a=2(f—-ng+1) (2.10)

(ka—nt
B=0,1-¢)+-2%2 207 —n, +1)—a]
KA=T2

Proof. At any time t < u < s, the dynamics of A; can be
rewritten as:

Where M; = N, — fot Aydu is a local martingale, and y =
K —ny & = L)

A~ N Ka=n2
u(t)A; and integrate both sides from t to t + 7 We have:

As=e Y +E(1—e C") + fts eS~Wrdm,
2.12)

Define u(t) = e?t. Apply It6’s lemma to

Taking conditional expectations on both sides gives:

EZ(As) = e ", + E(1—eC-0Y)  (2.13)

At any time, t <u < s apply Itd’s lemma to e"‘t’Vt and
integrate both sides from ¢t to t + 7, have:

V, = e 60y, +9,(1 — e7v6D)

2.14
b, [ e T, e
Taking conditional expectations on both sides gives:
EZ(V;) = e GV, +6,(1 — e™6=D)  (2.15)
Similarly, the expression R, is:
R, =e *rG-OR 49 (1 —e (s
s e+ 0 ) (2.16)

+n, J; e VAW,
Taking conditional expectations on both sides yields:
EZ(Rs) = e r07OR, + 6,(1 — e7(70)  (2.17)

Let X; :=1logS;. By Itd’s lemma, the dynamics of the
log-price M, are:

1
d(og(Sy)) =\Re—m—=-V,+ (n —n, + 1)1, )dt
(log(S) ( t 2Vt ( s ) t) (2.18)
+/VedW, . + Y.dM,
i = EZle" — 1] = ng — 1,n, = E2[e"], 7 = EL[Y;]
Integrating both sides from t to t + 7:

log (St”) = [T (RS -m-— %VS + (M —ng+ 1)/15) ds

St t
+ [ VedWy s + [ Yods
(2.19)

Taking conditional expectations:

¢ 108 (%57
= E¢ [ (Ro=m =20 + (i — ng + 1A, ds]
= fttﬂ[e"‘r(s‘t)Rt +6,(1—e™b0)—m
—é(e—'fv(s—ﬂvt +6,(1- e—xv(s—n))
+(M—ns+1) (e‘y(s‘t)/lt +&(1- e_V(S_t)))] ds
After computing and simplifying, we get:

IEQt02 [log(sts%)]
= (Qr—m+(ﬁ—ns+1)z—§Vt)T

+ (Re—6r)(1—e7*T%)  (Vp—6y)(1—e~VT)
Ky 2Ky

- —e YT
+(T_l—n5+1) Ae=§(-e )

(2.20)

2.21)

From the definition in (2.8), §7 it can be expressed as:
St =eVi+al;+p

The coefficients ¢, @, § are given by:

1_e—KvT
E =
KyT
~ 1-e~ 77T
a=2M—ns+1
(i =y + 1)

.8=9v(1_g)+f[2(ﬁ_ns+1)_a]

. 0, .
When we substitute y =k; —1,, &= :’1 1;1 into these
A~ NA

equations, we get the result we want.

During our research, we found that several classic pricing
models are special cases of our general model, (1) When there
are no jumps or jump clusters (i.e., parameters ng = 0,05 =
0,4; = 0), our general model becomes the Heston model. The
Heston model became very successful in stochastic volatility
modeling mainly because it’s easy to work with
mathematically. Through careful verification, we confirm that
the formula in [30] exactly matches our model in this case.
This shows our model is logical and widely applicable. (2)
Without jump clustering, when N, a Poisson process with
constant intensity A, our model reduces to a stochastic
volatility model with Poisson jumps. For this case, we derive
the VIX-squared expression 67 = €V, + al, + f where € =

e = 0,(1—¢&)+2(nM—n,+ DA

KyT
This result relates closely to [26], but compared to their
complex model with variance jumps, we use a simpler

specification. We leave extensions with variance jumps for
future research.

3. Characteristic Function

It’s important to note that the SVIR model belongs to the class
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of affine jump-diffusion models. Given this, we use the
method from Duffie et al. [19] to derive the model’s
characteristic function. Under the risk-neutral measure Q, the
joint conditional characteristic function at time t is
W(uy, Uy, us; v, 1,4, T) then

¥ (uy, U, us; v, 1,4, 7)

— ®Q[,iugVy+iugRy+iuz i

_]Et[e 1Vr+iugRy+ius lel't]

— ]E(g[eLu1V7+Lu2RT+Lu3AT|VT =v,R; =R, A; =

— ]E(t@ [e iu1VT+iu2RT+iu3lT]

3l 3.1)

This ¥ (u,, uy, ug; v, 1, 4, 7) is the joint characteristic function
of the random variables V;, R;, A;, given their values (v, 7, 1)
at a time t. Here, ]E(g[-] means the conditional expectation
under the measure Q given the filtration {F;}p<¢<7. Also T =
T—t is the period i =+v—1 is the imaginary unit,
Uy, Uy, Uz € C are complex numbers. This joint characteristic
function can be obtained by solving the following system of
ordinary differential equations (ODEs), as shown in the next
theorem.

Theorem 3.1: Under measure Q, the joint characteristic
function W¥(uq,uy, us; Vi, Ry, A:,T) has  this  closed-form
expression:

w(ul' Uy, Usz; Vt' Rt' At' T)

= exp{iuyv +iu,r + iugd

+A(uq, uy, us, T) + B(uy, Uy, Us, T)V

+C (uqy, up, us, )1 + D(uy, uy, us, 7)1}

where
Ay, Uy, U3, T) = Ky 0,11 + 16,01y + 126315 + 121,

2iuqKyT 4K 2K
11 — 1ty _ vV log( vV )

axy axynd a+be K¥vT
iu 1-e~Kr?
2 (p ey
Ky Ky
ius 1-e~(ra-m3)T
13 =\ T
Ka—NMa Ka—Na

L w2 1_2(1—e‘("l"71)7) 1—e—2(1a-my)7
T (g-np)? KA=1M2 2(x3—12)
_ 2iuq (1—e~FvT)
B(uy,7) = 2Ky—n2iug (1-e~*vT)
iuy(1—e~Kr?)
Clugy7) = = ——
iu3(1—e_("l_"’/1)f)
D(us 1) =————%
(us,7) K22
a =2k, — iun?
b = iun?
Proof. By the Feynman-Kac theorem,

Y(uqg,uy, usz; v, 17, A,7) 2 W(v,r,A,7) satisfies this partial
differential equation (PDE):

ikd oY v
P (Kv(ev —-v) v + 1.0, — 1) o

at
oy 1_50%y
+i (01— ) o + L a7)

—AE[¥(v,r, A+ ny,1) —¥P(v,1,4,1)] =0

1 5 9%y

(3.2)
2V ov?2

Since the model has an affine structure [31], we assume the

characteristic function takes this form:
llu(ull u2l u3; th RL" Atl T)
= exp{iuyv +iu,r + iugd
+A(u1! u2! U,3, T) + B(ull uZJ U3, T)V
+C (uq, Uy, us, T)T + D (Uq, Uy, Us, T)A}

(3.3)

With terminal conditions: ¥ (uy, u,, uz, 0) = eiav+iver+iusd
A(uy,uy,u3,0) = 0, B(uy,uy,u3,0) =0,
C(ul,uz,U,3, 0) = 0, D(ul,uz,ug, 0) = 0.

Substituting this into (3.2) gives:

YO ac_, oD
E+EV+ET+EA
=x,(0, —v)B+K,.(0, —1r)C +K,(0, —1)D (3.4)

+-n2VB? + Zn2C% + A(ePM — 1)
Substituting (3.3) into (3.2) and using (3.4), we find the
unknown  coefficient  functions  A(uq,uyus,t)

B(ult uZJ U3, T) s C(ult uZJ U3, T) 5 and D (ulﬂ u2! u3! T) satiSfy
these ordinary differential equations (ODEs):

04 1
{E = Kky0,B + 1,.0,.C + k36,D + 5’7352' (3.5)
A(uq, up,u3,0) = 0.
0B _1 2p2 _ j
{ar = vaB K, B +iu,, (3.6)
B(uy,up,u3,0) = 0.
ac .
{a_‘t - _KVC + luZ, (37)
C(uy,uz,u3,0) = 0.
9 _ _ Dnp — i
{w— b+ e = 1+ fus, (3.3)
D(Up Uy, Uz, 0) =0.

Where Equation (3.6) is a constant-coefficient Riccati
equation B, Equation (3.7) is a first-order linear ODE for C.
We can solve these equations to get:

2iuq (1—e~vT)

2Ky~ (1—e V)

B(uy, 1) = (3.9

iuy(1—e~*r?)

Kr

C(u,, 1) = (3.10)
Usually, A and D can’t be written in a simple closed form.
But when the Hawkes process becomes a Poisson process, we
get explicit solutions that match [26]. We’ll solve the ODEs
using the fourth-order Runge-Kutta method. Here’s how:

Solving equation (3.8) with Runge-Kutta is slow because it
needs step-by-step initial values. To make it faster, we
approximate eP71 using its first-order Taylor expansion
eP" ~ 1 + Dn,. This turns (3.8) into a linear ODE:

z—i = (=Kky +n)D +iuy

After simple calculations, we get:
iu3(1—e_(’cl_’7/1)7)

KA=N2

D(us, 1) = (3.11)

Plug (3.9), (3.10), and (3.11) into (3.5) and integrate:

A(ug, Uy, Us, T) = 16,01 + K, 0,1, + 10,15 + %77314
(3.12)

where
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2iuq KyT 4K 2K
11 — 1%y _ vV log( vV )

ay axyni a+be~K¥vT
iu 1—e Fr?
12 =—2_ (T - )
Ky Kr
iug 1—e~(xa-m2)7
13 =\ T
K2—=Na KA—NA

2(1—6 _(KA_WA)T)

1_9'2(’%_7]1)7)

I, =— Ui T—
T Gepmmp)? 2(x3-12)

a =2k, —iun?

KA=M2a

b = iun?

The solutions A(uq,t), B(uy,7), C(uy,7), D(us, ) follow
similar methods and then obtain ¥.

4. VIX Option Pricing Using the COS Method

Traditional option pricing often uses inverse Fourier
transforms, but the non-affine nature of the log-VIX creates
theoretical barriers for the FFT method [23]. Therefore, this
section employs the COS method [8] to price VIX options
under stochastic interest rates and volatility. This approach
uses  Fourier-cosine  expansions while maintaining
exponential convergence speed and linear computational
complexity.

Based on the SVJR model, we study a European call option on
the VIX index with strike price Z, maturity T

Its payoff at expiration is max(VIX; — Z, 0) By Risk-neutral
pricing, the option price C; at time ¢ is:

C, = E¢ [exp (- J; Ryds) max(vIXy — 2,0)|

= 100P(t, T)E2 [max (\/5_% -7, 0)]

=100P (¢, T) f,” max(vx — Z',0) f,(x|V;, Ry, ) dx
.1)

VIXT

where P(t,t + 1) = [E(? [exp (— ftT des)], Sp=—0,T=
T—t, Z' is the strike price in percentage points,
fr(x|Vi, R, Ap) Tt is the risk-neutral conditional density
function of 67 given information at a time t. Using the inverse

Fourier transform, this conditional density can be written as:
1 i
f:(x|Ve, R, Ap) = anxe X (u; Vi, Ry, A, T)du (4.2)

where ¢ (u) is derived from Theorem 3.1 and Proposition 2.1
©oW; Vi, R, A, ) = e™PW(eu, 0, au; Vy, Ry, Ap, 7).

This assumes u, = 0, u; = €u, uz = au, here ¥ is the joint
characteristic function from Theorem 3.1, ¢, a,f Are the
constant coefficients from Proposition 2.1?

After selecting a proper truncation range (explained later),
fr(x|V;, R;, Ap) it can be approximated using a truncated
Fourier cosine series expansion.

f: x|V, Ry, Ap)
2

- b-a

SN3 R [0 (25 Ve Ry, A7) €0
* COS (mr g)

where )" means the first term is multiplied by %, R[] which

(4.3)

is the operation taking the real part.

The pricing formula for VIX options is obtained by
substituting (4.3) into (4.1) and interchanging integration and

summation:
C, =~ 100P(t,T) ¥n=s *R
o a 4.4
o (23 Ro 2 7) i) 4, 4P

where

A, = Za f: max(vx — Z',0) cos (nn E) dx

b—a
The following lemma shows that for VIX options, the payoff
series coefficients A, can be solved analytically:

Lemma 4.1: For the payoff function max(\/} -7, O) on an
interval [a, b], the Fourier cosine series coefficients A, Have
these analytical solutions:

Whenn = 0,
3
Z(Ep-zb+127),
b—a \3 3

An - 3 3
bZTaG (bE - aE) —Z'(b — a)), az=27"

Whenn # 0

Ay =
bi_ain{e—iwa [%Z’eiwb
+ L (erf (VB V=Ta) a<z”
—erfz(2' V=)
—E 2(\/%)3 =
(erfe(VB V=) ~ erfa(va- V=) ]}

(4.6)

nm . .
where w = e the complex error function is defined as

_ 2 7 __42
erfz(z) = ﬁfo et dt.
Proof. To simplify notation, let w = %. Whenn # 0

If a<Z'? the payoff function max(\/E—Z’,O) has a
non-zero interval [Z'2,b]. At this time, the coefficient A,
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satisfies:

2

A"=b

z’2 max(Vx — Z',0) cos(w(x — a))dx (4.7)

using the complex exponential form of cosine cos(x) =
R[e™*] (R[] takes the real part). This converts the integral to
complex exponential form:

A = TR [ V71 7, 00t
(4.8)

Using integration by parts and the complex error function, we
solve the integral analytically:

belz \/;ei(u(x—a)dx
— e—i(ua beIz \/}eiwxdx

- Vb VA N
= g~ lwa (._elwb _._el(uZ _ J" '_elmx dx)
iw iw Z' iw

g-iwa (erfz(\/gv—iw) - erfz(Z’\/—icu))
Here erfz(z)

The second exponential integral directly gives:

(4.9)

= \/% foze_tzdt is the complex error function.

VA berz ei(u(x—a)dx — Zle—i(ua fzblz eiwxdx
— 7'e-iwa (;eiwb _ ;eiwz’z)
iw iw
(4.10)

Substituting the integral results from (4.9) and (4.10) into the
expression for 4,, we get the analytical solution forn # 0,
a<Zz?

Forn = 0 and a = Z'? similar integral derivations lead to the
piecewise coefficient expression in (4.6).

When n =0 and a > Z'? the payoff function max(v/x —
Z', 0) has a non-zero interval [a, b]

In this case, the coefficient A,, satisfies:
2 b ,
= Efa max(\/;—Z ,0)
2 b ,
=), (Vx—2")dx

2

—(3 (bz - az) —Z'(b - a))

b—-a

4.11)

For the case a < Z'? n = 0, similar integral derivations yield
the piecewise coefficient expression in (4.5).

In numerical integration, choosing a good truncation range
balances speed and accuracy. Following [8]’s framework but
adjusting for 82 (since 8y = YIXT it must be non-negative),
we set the lower bound to avoid negative values. The

truncation range [a, b] is:
[a,b] = [max (c1 — Lyc, +

ez 0), ¢ + Lyfc, + a3

Here L = 10 is an empirically set truncation parameter.

€1, Cy, €3 Are the first, second, and fourth-order cumulants of
82 . For 6% its-th order cumulant ¢, is defined by
differentiating the log-characteristic function:

., = L0kUogp@)
k= auk |0

(4.12)

Where @(u) is the characteristic function of §% and i = V-1
is the imaginary unit.

Lemma 4.2: Suppose the random variable 6% follows the

stochastic process described in Proposition 3.1. Then its first
four cumulants have these analytical forms:
1—-e VT
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The proof is omitted here. By combining the conclusions of
the above two lemmas, we can directly present the following
proposition, and its proof is also omitted here.

Proposition 4.3: Under the SVJR model defined in Equation
(1), given a truncation range [a, b], the price at time t of a
VIX call option with strike price Z and maturity T can be
approximated by:

C =
100P(t, T) V-1 *R [¢( "”m] A,
Here T = T — t is the time to maturity of the option. ¥(-) Is
the conditional characteristic function defined in Proposition
3.1? The coefficients A, come from Lemma 4.1, R[-] which
takes the real part of complex numbers.
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For a VIX futures contract maturing at T, its price F;

At time t follows risk-neutral pricing:

F, = EZ(VIX;) = 100E¢ (/67)

This means the VIX futures price is the risk-neutral
expectation of the VIX index. It comes from taking the square
root of 62 and scaling by 100.

5. Conclusion

This paper proposes a three-factor VIX option pricing model
incorporating stochastic interest rates, stochastic volatility,
and stochastic jump intensity. Theoretically, it pioneers the
quantification of monetary policy’s transmission effect on
market panic through an interest rate-jump coupling
parameter. Methodologically, it enhances the COS algorithm
to improve computational efficiency. Empirical results
demonstrate that the model reduces pricing errors while
exhibiting stronger robustness during policy adjustments and
reveals significant interaction effects between interest rate
parameters and jump decay rates. Future research may extend
this model to more complex derivatives such as VIX futures
options, further enriching the theory and practice of volatility
derivatives pricing.
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