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Abstract: In this paper, we consider the pricing of reset option when the underlying asset follows a mixed fractional Brownian motion
and the Hurst parameter H €(0,1). Using quasi-martingale method, measure transformation and Girsanov theorem, the analytical
expression of reset option pricing under risk neutral measure is obtained. The main contribution of this paper is to provide the closed-
form pricing formula of reset option with strike resets and predetermined reset dates.
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1. Introduction

As financial markets have developed, many emerging
securities markets have introduced option products offering
more flexible trading methods and prices, termed as new types
of options, to cater to the hedging needs of various clients.
These options are characterized by the final return of the
option depends not only on the price of the underlying asset
on the expiration date of the option, but also on the process of
the price of the underlying asset during the whole validity
period of the option.

Hence, they are commonly referred to as “path-dependent
options.” Reset option, a kind of path dependent options,
whose strike price will be reset to a new strike price only on
the predetermined reset dates if the price of the underlying
asset is lower than one of the strike resets. The reset function
in reset options can protect investors when stock prices fall,
its play an important role in portfolio insurance. However,
there are not many articles research reset option in the
academic literature. In 1997, Gray and Whaley[1] researched
the pricing and risk characteristics of cyclical reset put
warrants. Subsequently, they offered a closed form solution
for reset options with a single reset date (Gray and Whaley,
1999[2]). Under the risk neutral framework, Cheng and
Zhang[3] derived the explicit closed form pricing formula of
multi variable normal distribution. Liao and Wang0
considered a general case of reset option, assume the S;
denotes the underlying asset at time t, K,, denotes the initial
price of the reset option, the payoff at maturity T of reset call
option is usually set as

V(T) = max{S; — K*,0} = (S — K*)* )
where K™ is defined by
Ko, if min[S;,,Se, ..., Se, | = Dy
K* =<K, if D;>min[S,, St,,.... St,,| = Djs1 (2)
Kq,if Dg > min[S,,, S, .-, St,,|

and 0 <t; <t, < <t, <T are m predetermined reset
dates, K;,j = 1,2,---,d, are the reset strike prices, D;,j =
1,2,---,d , denotes the strike resets. Liao and Wang[8]

derived the exact closed-form formula of the multiple-reset
option under the risk-neutral framework.

On the other hand, in the previous researches under the
assumption that the risky asset price follows Black-Scholes
model (BS). Actually, it is well known that the Geometric
Brownian Motion (GBM) assumption of the underlying asset
price dynamics in the BS model fails to reflect the true fact
that market return exhibits excessive kurtosis, fat tailed
distributions and long-term correlation. One way to deal with
the problem is to assume that the underlying risky asset price
dynamics follow the processes, which driven by the Factional
Brownian Motion (FBM). Hu and Oksendal[7] derived the
price formula for European options at time t = 0. Necula[6]
extended the formula for any time t € [0, T]. However, FBM
is not a semi martingale, it is difficult to define random
integrals. The MFBM is essentially a Gaussian process family
consisting of a linear combination of Brownian motion (BM)
and Fractional Brownian motion (FBM). Cheridito[4] proved
the MFBM is equivalent to the standard BM under the Hurst
index condition, so there are no arbitrage opportunities in
financial markets. In reality, very little work on the options
valuation is considered in the MFBM market. Therefore, in
this paper we consider reset option with multiple reset features
under the condition that stock prices evolve into FBM models.

The purpose of this paper is to derive the exact closed-form
formula for reset option with strike resets and predetermined
reset dates under the risk-neutral framework. The summary of
this paper is as follows: Section 2 introduces the MFBM
model and provide the pricing formula of reset option under
the assumption that the underlying asset price process follows
the MFBM. The conclusion of this article in Section 3.

2. The Proposed Model and Pricing Reset
Option

2.1 Model
Let (2,F, Q) be a complete probability space with ¢ - flow.

F, is the sigma flow generated by B, and Q represents the
risk neutral measure. Now considering that there are two types
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of assets in the mixed fraction Black Scholes market, let the
bond price M, satisfy the following equation:

dM, =rM,dt,M, =1 3)
where r is a risk-free interest rate. A stock price satisfies:

dSt
t

where g;, g, > 0, denotes the volatility.
Consider a FH# —measurable European contingent claim &

which pays é(S7) at the terminal date T. The price V(t, S) of
the European contingent claim at any time t is given by

V(t,S) = E[eT"TY¢(Sp)] (5)
where E is a quasi-conditional expectation under measure Q ,
and E;[-] = E[- |F{'].
2.2 Pricing Reset Option
Using the It&formula, fort < T,
Sy =S, exp {(r - %022) (T-1t) - %alz(Tz” — t2H)
AR ORRACET S SO

The payoff at expiry of the reset option with d strike resets
and m predecided reset dates can be written as

V(T) = (S — Ko) "1y, + (Sp — 1(1)4'(1142 - IA1) + o
+ (Sr — Kd—1)+(1Ad - IAd_l)
+ Sy — Kd)+(1 - IAd) ™

where A; = {min[S,, S, S, | =D;}.j € {1,2,...,d},
and I(+) is an indicator function. Under the risk-neutral
probability measure Q, the arbitragefree price of reset option
attime t is

V() = Ee "DV (T)|F,}
= E{e7T-OV(1T)}
= Z?=1E£{e_r(T_t)(5T - Kl—1)+IAl}
—YiL B {e TS, - K)*1,}
+EL{emTO(Sr — K)* (1 — 1)} (8)
where 0 St <t <t, <-- <ty <T.

Therefore, we know that the key to the solution is to compute
the following expression:

S ER{e T O(Sy — Ky, ) )

where h = lorl — 1.

Theorem: The explicit solution to (9) is as follows:
Z?=1[StNm+1(Dl'hi Zg) - Khe_r(T_t)NmH(El'hi Zg)] (10)

where Ny, (- X5) is the (m + 1) — cumulative probability
of dimensional multivariate normal distribution with mean
vector 0 and covariance matrix Y, , and Df,‘h stands for the gth
row of DY" as follows:

a b1,2 b1,3 bl,m dp
byy @z bys bym dp

D' = bsy b3, a3 b3 dy (11)
bm,l bm,2 bm,3 al,m dh

The components of the matrix D" are defined as follows:

S, 1 1
lnﬁ";+ (r +7022) (tg —t) + 507 (5" —t*")

al‘g =
Jor(e =)+ 03ty - 1)
(r+laz) (t—t )+1az(t?” — t2H)
bgjz 272 J g 271 \% g (12)
(o = ) + a3y — 1)
) _ln;—;+(r+%a§)(T—t)+%012(T2H—t2H)
L=

Vo (T — t2H) + g2(T — t)

D" is similarly defined as Dy" with the parameters a, g, by,;
and dj, replaced by @, , by j and dj, , respectively:

Qg =ay— |of(t2H —t2H) + o2(t; — t)

bgj=byj— \/012 (thH — t21) + o7 (t; — t,) (13)

Czh = dh. —\/U]_Z(TZH —tZH) +O'22(T - t)

and the correlation matrix ¥, = (o) ;) k,j=

(m+Dx(m+1) '
1,2,-,m+ 1, where p . is given by

Pij = Pjx
Lk=j

o2 (2" — ") + af (tg — t;)
o2 (t2H — e2M) + 02 (ty — 1)
jaf(t,ﬁ” —t2H) + o} (ty — t,)
0.

HCIETDETACETS

A1<k<j<g-—-1,

g+1<k<j<m

Al ) R (C el VP
o2(tH —t2H) + o2(t, —t) T ’
= (14)
B o2 (2" — t#) + o2 (ty, — t))
o (T?H —t2H) + g2(T —t) '’

1<k<g-1j=m+1

g+tl<k<mj=m+1

o2 (e —t3H) + aZ (t; — t,)
of (T —t2H) + g2(T —¢t)’

jalz(tgH_tZHH%Z(tg_t) k=gj=m+1

2T — ) +aET— D)

0, otherwise

Proof. Since
EtQ{e_r(T_t)(ST - Kh)+IAl}
= EtQ{e_T(T_t)STI(Am{Srth})}
~KnEH{e ™" Ol nisrzrnp)
= EtQ{e_T(T_t)STI(Am{Srth})}

_Khe_r(T_t)Q(Azn{ST > Kp})

(15)
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we choose the stock price S as numeraire and switch measure
Q to Q,, the Radon-Nikodym derivatized as follows:

40 _ 03T
dQ S,
_ e—%af(TZH—tZH)—%azz(T—t)wl(B%’—B{’)MZ(BT—BQ (16)
By Girsanov’s theorem, defined by
BY = Bl — o7
B, =B, — ot (17)

B} is a standard Fraction Brownian motion under the Q,, and
B, is also a standard Brownian motion under the Q,. Then we
can rewrite the (15) as follows:

EtQ{e_r(T_t)(ST - Kh)+IAl}
= 5:Q:(A,N{Sr = K,,})
~Kne 7TDQ(AN{Sy = Ky}

(18)

First, we have
Q:(A,N{Sr = Ki})
= Q,({minl[S,,,Sc, -, St,, | = Di}N{Sr = K,})
= Y01 Qs (Sey 2 DS, 2 S,y ) #= 1,2, m, S

> Kh)
=¥, Q (InSy, = InDy, InS,, 2 InS,,,j # g,
=1,2,,m,Sr 2 Ky
= Z;n=1Q1 (_01 (EtZ: - thH) — 02 (Btg - Et)
S
< lnﬁtl+ (r + —022) (tg—1t)
1 o
+502(e3" - 2, —oy (B2 - BZY)
0 (Etj B Efg)
1
s(r+in§)@f—%)

1
+Euf@?*—gH)j¢gJ
=1,2,,m,—ay (B3 — B#)

_UZ(ET _Et)
S 1,
< an—h+<r+Eaz)(T—t)

1
+50R (17 — 7))
=3 Q:1(Zy € bgy,..sZyy Sbhggr,Zg < g, Zgsq

< bg,g+1'---'Zm < bg,m'Zm+1 < dh)

= Z;n=1Nm+1(Dl'hi Zg)

where Z;,j = 1,2,...,m + 1, are defined by

(19)

o (BEy — BE!) + oa (B, — By

J=12,...,9-1
o =) + 3, - 6)
o (ég; - égﬂ) +a, (Etg - Et) ,
- J =9
z = Jor( - ) + 03ty - 1) 0)

oy (B2 - B}") + o, (B, - By,
\/Glz(tiZH —t5") + a3 (t; — tg)
_0u(B3" — B}") + 05(Br — B) emtl
JoZ(T?H = ¢2H) + 6Z(T — t)
and 3y = (pi;) . p; = E[2,2;] Similarly, we
can get
QMAN{Sr = K.} = Z$=1Nm+1(51'h22g)

This completes the proof of Theorem.

Jj=g+1,....m

(m+1)x(m+1)

(21

Accordingly, the closed-form solution for a reset option with
d strike resets and m predecided reset dates V (t) is

V() = S{N(dy) + X7 57 [Nimsr (D75 2)
— Nmr1 (D55 2g)]}
—e_r(T_t){KdN(Czd) +
f=12£7n=1[Nm+1(5;'l_1; Zg) - Nm+1(5”; Zg)]}

where N(-) is the cumulative probability of the standard
normal distribution.

(22)

3. Conclusion

In this paper, we have provided the closed-form pricing
formula for reset option with strike resets and predetermined
reset dates under the mixed fraction Brownian motion model.
In addition, the model could be extended to assume that the
return dynamics of risky assets follow the jump diffusion
model, which is an extension that will be carried out in the
future.
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