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Abstract: This study addresses the pricing of outer performance option within the framework of a two-factor stochastic volatility
Jjump-diffusion model. By integrating martingale theory, partial differential equation (PDE) techniques, the Feynman-Kac theorem, and
the Fourier inversion transform, we derive a semi-closed-form pricing formula for outer performance option. The methodology rigorously
accounts for both stochastic volatility components and jump risk, thus providing a comprehensive solution to the complex valuation

problem.
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1. Introduction

In the rapidly developing derivatives market, how to price
options reasonably is a very important research topic. Among
these derivatives, outer performance option has emerged as
essential instruments for financial practitioners, offering a
means to hedge risk, optimize portfolios, and engage in
speculative trading by capitalizing on the price differential
between the two underlying assets. However, due to the
interaction of various market factors (such as stochastic
volatility and abrupt price jumps), the accurate pricing of
outer performance option is facing great challenges.

The development of option pricing models has been marked
by a series of significant milestones. Black-Scholes model [1]
is a revolutionary contribution to financial economics. By
assuming that the underlying asset price follows the geometric
Brownian motion and the interest rate and volatility remain
unchanged, the basic framework of option valuation is
established. However, the Black-Scholes model fails to
capture several key empirical characteristics of the real
financial market, including volatility clustering, the peak and
thick tail of yield distribution, and the occurrence of extreme
events. To address these limitations, follow-up studies have
focused on incorporating more realistic assumptions.

Researchers have explored two primary directions for
enhancing model accuracy. On one hand, the introduction of
jump risk into asset price models, as proposed by Merton [2]
and further developed by Kou [3], has given rise to
jump-diffusion models. These models effectively explain the
fat-tailed characteristics of financial returns by integrating
discrete jump processes with continuous diffusion dynamics.
On the other hand, stochastic volatility models, exemplified
by the Heston model [4], have been developed to model the
time-varying nature of volatility. Bates [5] merged these two
lines of research, combining stochastic volatility and
jump-diffusion components to provide a more comprehensive
description of asset price movements. Scott [6] extended this
framework by considering stochastic interest rates alongside
stochastic volatility and jumps, while Duffie et al. [7]
proposed affine jump-diffusion models that simplify the

mathematical treatment of complex market dynamics. Deng
[8] investigated option pricing within a two-factor stochastic
volatility framework, taking into account jump-diffusion
factors. However, the existing models still can not fully reflect
the complexity of the financial market. Previous studies have
adopted a single factor framework or only considered one
type of uncertainty, ignoring both multiple risk sources and
the volatility under the joint action of multiple factors. This
limitation has prompted people to develop more complex
multifactor models.

This article aims to contribute to the literature by developing a
new option pricing framework under the two-factor jump-
diffusion model. Specifically, we assume that the price of the
underlying asset is influenced by two independent random
volatility factors that can capture market fluctuations of
different frequencies and various types of market information.
The addition of jump diffusion process enables the model to
consider sudden price changes caused by unexpected events,
thereby providing more realistic asset prices. We derived a
semi closed form pricing formula for outer performance
option using martingale methods, partial differential
equations, and Fourier transform.

2. Model Formulation

Assume there is a frictionless and arbitrage-free financial
market that allows continuous trading within the trading
period [0, T]. The market includes a risk-free bond and two
risky assets (the wunderlying assets). Let W, =
(W, Wae, Bit, Boy) be a 4-dimensional standard Brownian
motion and N; = (N7, N5, Nf) be a 3-dimensional Poisson
process with intensity parameters (4, 4,, 43) on the complete
probability space (2, F, {F;}s=0, @).Considering the jumps in
the underlying assets in the market, the risk-neutral measure is
not unique, hence we select an appropriate equivalent
martingale measure Q . Following the idea of Duffie et al. [7],
under the measure Q , the logarithms of the prices of the two
underlying assets, whereX;; = InS;; and X,; = [nS,,, and
their volatilities V;; and V,; satisfy the following system of
stochastic differential equations:
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dX, = (Tt — AKq — %Vu) dt + /ViedWye + JiedN7 + JTedNE,
dXy = (Tt — AKy — %Vzt) dt + Vo dWoe + J5:dN3, + J5.dNE,

aVyy = a; (8, — Vap)dt + 01/ V1 dByy,
dVZt = a2(92 - Vzt)dt + [P2V VthBZt'

ey
Assume 1; is the short-term instantaneous interest rate and
r, =V +V, , where the correlation coefficient

cov(dWy,, dBy;) = pydt, cov(dW,,, dB,,) = p,dt, and p;,
p, are constants. The standard Brownian motions W, =
(Wit Wot, Bit, Bye) and  the  Poisson  process N, =
(N$:, N3¢, NE) are independent of each other; the non-negative
constants a;, 8;, o; are respectively the mean reversion speed,
long-term mean level, and instantaneous volatility of the two
volatilities, and satisfy 2a;6; = 0/ (j = 1,2). Assume the
individual relative jump size sequences elit of Si¢ are
independently and identically distributed and satisfy J7, ~
N(uys 0f), the individual relative jump size sequences el3t
of S,; are independently and identically distributed and
satisfy J5, ~ N (#2,5! a{s), and the common jump relative size

sequence (e]ff,efzct) of S;; and S,, are independently and
identically  distributed and satisty Jf = (J{nJ5) ~
N(#lcnu'Zc' 0-120 Uzzc'pc) . Further assume ]igt'];t']tc are
mutually independent, and independent of the Brownian
motion W, , Poisson process N;. Let o-algebra F, be the
reference family jointly generated by W; and N, and
Jie» I56,Jf . Denote the joint jump size of X;;,X,; as the

variable 9 , assuming it has the following jump
transformation:
9(cy, ¢y) = A191(c1)+2292(c2) +439c(c1,c2)

1 )
A=A+, +2; kK, =9(1,0) -1, k, =9(0,1) — 1,
9,(c) = exp (ulsc + %012562).192 (c) = exp (quc +
Loie),
Oc(c1,c2) = exp (#1CC11 t UzcCrz + iofcclz + if"zzccz2 +
Pc0'1c0'2cC1C2)~
Let
X1t = InSyp, Xor = InSy,

and define Y(xy, X3, V1, Vg, T; Ug, Uy, Ug, Uy) as the joint
characteristic function of the two asset prices:
Y(xy, X2, V1, V2, T5 Uy, Ug, Us, Uy)

T
_ — J. rg ds+iuXqT+iupXor+iugVyr+iugVor
_[EQ{efts 1X1 2X2 3Vy Vot |

T
_ — J. rg ds+iuXqT+iupXor+iugVir+iugVor _
_[EQ{e f ts 1X1 2X2 3Vy V2T | X = xq, Xor
=Xy, Vit = vy, Vo = Vz}

T . . . .
— IEQ {e— f ts ds+1u1X1T+1u2X2T+1u3V1T+1u4V2T}
= E, :
Where 1 =T —t, t € [0,T],i is the imaginary unit with i =
v—1,uy,uy,us,uy € C, and EtQ{-} denotes the conditional

expectation under the measure Q based on the reference
filtration F,.

Proposition 1: Assume the asset prices of the two underlying
assets satisfy (1). Then the joint characteristic function is:

VY (X1, X2, V1, V2, Ty Uy, Up, U, Uy) =
e TUu1x1+Hiupxa+A(T, U1, Uz, U3,U4) V1 +B (T, U1, U2, U3,U ) V2 +C (T, Uq,Up, U3, U,) ,

where

_ 1 2¢q(uq,uy)
A@) = 2z (@) + 6 (nw) — S o),

2cz(ug,uz) )
1—dp (ugup,ug)e~C2(M1U2)T )

B(®) = 5 (az(u2) + caur,up) -

C) = @iz ((ar(w) + € (uy, )7

1—dy (ug,upuz)ec1(#1U2)T

1-dq(ug,uzuz)
2260, (7 (a2 (42) + € (13, u2))T
1—dy (U uzug)e~2(U1U)T
1-dp(uq,uz,us)
+(—iug Ay — iuy A, + 4,9, (uy)
+A,9,(Tuy) + 139, (iuy, iuy) — A1,

—2In

—2In

a1 (W) = ay — iuy01pq,

1. . 1
by (uy, Up) = iy + iu, — Eu% -1,

¢ (Ug, up) = \/a%(ul) — 20 b, (U, uyp),

L 2
iuzoy—ag (ug)+eg(ug,uz)

d{(uq,uy,uz) =
1 (U Uz U3) iuzof—as (ug)—c1(ug,uz)’

a;(uz) = az — iUy 0,0,

1. . 1 5
b, (uq,uy) = ity +iuy —sup — 1,

C2(Ug,up) = \/a%(uz) — 205, (U, Uup),

I
iugoy —az(uz)+ca(ug,uz)

U404 —az (uz)—cz(Ug,uz)

dy(Uy, Uz, Uy) =
The proof of Proposition 1

According to the semimartingale It6 formula and the
Feynman-Kac theorem, function

lp = w(xp X2, V1, Vg, T) = lp(xli X2,V1, V3, T; Ug, Uy, Ug, U,4),

satisfes the following partial differential integral equation:

_% (l _ )a_w ( 1, _ )6_1/’
61:+ 2v1+v2 Ak 6x1+ v1+2v2 Ak, oxs
noty | v %Y —p) —p)
+35 ox? +3 ox2 + a,(6; —vy) v, T ay(0, — v;) 5o,
12 % 1 o 0% 0%
+20—1 Y1 av? + 292V2 av: = Ax10v; V101P1
+az—¢vap—(v + v )Y (2
9x,00; 2Y2P2 1 2

A E [P + T X2, 01, 02, T) — Y (xq, X3, V1, V3, T)]
FAEc[Y(xq, x5 + ]34, V1, 02, T) — Y1, X3, V4, V5, T)]
+/13Et [¢(x1 + ]L‘C! X3 + ]LF' V1, V2, T) - ll’(xp X2,V1, Uy, T)]
= (),

1/)(x1, Xy, V1, Vs, 0) — eiu1X1T+iu2X2T+iu3V1T+iu4VzT_

According to Duffie et al. [7], equation (2) has the following
exponential form solution:
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l/)(xl! x2! vll UZ! T)
= plUrX1+iUzXo +A(T,U1, U2, U3, UL V1 +B(TU1, U2, U3, UV +C (T, U, U2, U3 Us)

Substituting the above expressions into the partial differential
integral equation (2):
94 aB ac 1 .
- (Evl + 5.0 +E) + (Evl +v, — /11«1) iuy
+ (171 + %‘UZ - /‘{Kz) iuz + 172_1 (iul)z + 1;2_2 (iuz)z

+a1(91 - UI)A + 0!2(92 - Uz)B + éo-lzlez (3)

+%022sz2 + iU 010114 + (U 0,0,V,B — v — ,
+/11191(iu1) + /‘lzﬁz(iuz) + /‘{3'l9c(iu1, iuz) - A = 0.

Let A(t) = A(T,uq, Uy, Uz, Uuy), B(T) = B(T,uy, Uy, us, uy),
C(t) = C(t,uq,uy, us,uy) to satisfy the following three
ordinary differential equations (ODEs):

A0 _ 1624%(x) + (iwy01p1 — @) A(D)
+oiuy + iy —sud - 1, “)
A(0) = ius.
% = %‘TZZBZ(T) + (iuy 0,0, — a2)B(1)
+%iu2 + iy —%u% -1, ®)
B(0) = iuy.
And
% = a10,A(7) + a0, B(7) — iug diy — iupdic,
+419; (fuy) + 4,9, (i) (6)
+A39.(iuy, iuy) — 4,
\ C(0) = 0.
First, solve Equation (4) and rewrite it as:
(30 =300 - @A H b
A(0) = ius.

Integrate both sides of the first equation in (7) over the domain
[0, 7] simultaneously, and we obtain:

f(;r T dA(S) _

501 A%(s)=a1 (1) A(S)+b1 (u1,uz) B

Then apply the indefinite integral formula:

f dx _ 1 In [2ax—b+ b%—4ac
ax?—bx+c  —\/p2-4ac 2ax—b—/b2-4ac]

Combine with the initial condition A(0) = ius:

2 o2
0{A(M)—as(ug)+cg(ug,up) _ lugof—ag(ug)+cq(ug,uz) e—C1(u1uz)T
oA -as(ur)—c1(uguz)  fuzof—as(ug)—cq(ugttz)

— —=Cc1(Uq,u
= d; (uy, Uy, Uz)e 11 u2)T,

By rearrangement, we can obtain:

2¢q (ug,uz) )

1-dq (uq,uz,uz)e c1(1U2)T

®)

A@) = (@ (uy) + 0 (u,u,) -

Next, solve Equation (5). First, rewrite it as

{aam = 202B%(1) — ay(uz)B(x) + by(uy, up), )

at
B(0) = iu,.

Using the same method as above, we can obtain:
2c2(ug,uz) )

1—dy (uq,uz,uy)e~C2U1U2)T

(10)

B(7) = é(az(uz) + o (ug, up) —

Finally, solve Equation (6):
C() = ay0y [, A(s)ds + ay0, [; B (s)ds + (—iug Ay —
iuz}lkz + /11191 (lul) + /12192 (luz) + 2.3196(1'111, iuZ) - /’l)T.
(1D
Substitute A(t) and B(7) into the two definite integrals on the

right - hand side of Equation (11). After tedious calculations,
we obtain respectively:

Jy A(s)ds =

1 _ 1-dq(uguzuz)e1M1U2)T
o2 <(a1 (u) + c1(ug, upx))t— 21In P )
(12)

Jo B (s)ds =

1—dp (U, Up,uy)e2ULU2)T
1-dz(uq,uz,uys) .

= ((az (u2) + c2 (113, u))7 = 2 I

(13)
According to Equations (8) - (13), Proposition 1 is proved.

3. Pricing of Outer Performance Option

Outer performance option is an option whose exercise is
determined by the difference in returns between two different
underlying assets, and its payoff depends on the price
difference between the two assets at maturity. Specifically,
the payoff of outer performance option equals the positive
part of the difference between the prices of the two assets.

That is, the payoff of the option at maturity T is equal to:
V(T,Syr,Sor) = max{Syr — Spr, 0} (14)

Next, we derive its pricing formula.
Proposition 2: Given a European outer performance option on

two underlying assets maturing at time T that satisfies Model
(1), the option price at time t is given by:

C(t, xl, xz, vl' 172, T) =
Sltnl (T, X1, X2, V1, UZ) - SZt”Z (T' X1, X2, V1, UZ)'

Where

1 1 oo [emX2T g (w)
Hj(T,xl,XZ,Ul,Uz) :E—I—;fo R [7]] du:

o ftT rsds+(iu+1)X1T]

[473

@1 (W) = EZM [e™¥iT] = E, =

Sit
Y(T,%1,X2,1,V2;u—1,0,0,0)

P(T,x1,X2,01,V2;—i,0,0,0)

P, (W) = EZ[e™¥1T] = E,

e~ ftT rsds+iuX1T+X2T]

Sat
Y (T,X1,X2,V1,V2;u,—1,0,0)

Y(T,X1,%2,01,V2;0,—1,0,0)"

The proof of Proposition 2

According to the risk-neutral pricing principle, we know that:
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T T T
C(t,x1,%5,v1,0,,T) = E¢ [e_ft rsds(sn —Sor)*t | Tt] =E [e_ft TSdSSlTl(Xlrzxzr) I Tt] —E [e_ft rSdSSZTl(X1T2X2T) I Tt]
= 851601 (Xar = Xor) — $2:Q2(Xar = Xor) = S1ed11(T, X1, X2, V1, V2) — Soel15 (T, X1, X3, V1, V3)-

Where  I1;(7, X1, X5, V1, V,) = Qj(Xqr = Xp7),j = 1,2 and
Q1,Q, are equivalent martingale measures of Q. Their
Radon-Nikodym derivatives are respectively:

T
e~ It TstS1T

dQ,

dQ Sie
T

dQy _ eIt TsdsszT

daqQ Sat ’

Applying the Fourier inversion method, we obtain:

1,1 oo [emX2Tg (u)
Hj(r,xl,xz,vl,vz) =E+;f0 RI:T du,

And
T .
= J; rsds+(iu+1)Xy7

Sit

e

@1(w) = EX[e™T] = E,

_ '(/)(T, X1,X2,V1, V35U — i; 010;0)
¢(T, X1, X2, V1, V3; _i; 01010) ’

T .
e~ J¢ rsds+iuX r+Xor

Sat

@, (W) = EZ[eX1T] = E,

_ (T, x4, %5, V1, V5;u,—1,0,0)

T P(T,Xq, Xp, V1, V5; 0, —0,0,0)

Here, ]E?j [-] denotes the conditional expectation under the
probability measure Q; for j = 1,2.

4. Conclusion

In this paper, under the assumptions of stochastic interest rates,
stochastic  volatilities, and with the inclusion of
jump-diffusion factors in the two underlying assets, a
semi-closed-form analytical solution for outer performance
option pricing is derived using characteristic function
methods and Fourier inversion transforms. Compared with
traditional single-factor models, the proposed model exhibits
significant advantages in capturing market dynamics.

References

[1] Black F, Scholes M. The pricing of options and
corporate liabilities[J]. Journal of political economy,
1973, 81(3): 637-654.

[2] Merton R C. Option pricing when underlying stock
returns are discontinuous[J]. Journal of financial
economics, 1976, 3(1-2): 125-144.

[3] Kou S G. A jump-diffusion model for option pricing[J].
Management science, 2002, 48(8): 1086-1101.

[4] Heston S L. A closed-form solution for options with
stochastic volatility with applications to bond and
currency options[J]. The review of financial studies,
1993, 6(2): 327-343.

[5] Bates D S. 20 testing option pricing models[J].
Handbook of statistics, 1996, 14: 567-611.

[6]

[7]

(8]

Scott L O. Pricing stock options in a jump-diffusion
model with stochastic volatility and interest rates:
Applications of Fourier inversion methods[J].
Mathematical Finance, 1997, 7(4): 413-426.

Duffie D, Pan J, Singleton K. Transform analysis and
asset  pricing for affine  jump-diffusions[J].
Econometrica, 2000, 68(6): 1343-1376.

Deng G. Option Pricing under Two-Factor Stochastic
Volatility Jump-Diffusion Model[J]. Complexity, 2020,
2020(1): 1960121.

Volume 7 Issue 6 2025

http://www.bryanhousepub.com

37



