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Abstract: This paper investigates the pricing of digital power exchange options under a non-affine stochastic volatility model. We first
derive an approximate characteristic function for the logarithmic price distribution of underlying assets through perturbation analysis of
partial differential equations. Subsequently, the analytical expression for digital power exchange options is obtained by employing Fourier

transform and its inverse transformation.
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1. Introduction

In 1973, Black and Scholes [1] proposed the Black-Scholes
model (hereafter the BS model). However, extensive
empirical studies have revealed inconsistencies between the
BS model's assumptions — geometric Brownian motion for
stock prices, normally distributed returns, and constant
volatility — and observed market phenomena such as

leptokurtic and heavy-tailed distributions and volatility smiles.

To better characterize these stylized features of financial asset
returns and volatility dynamics, scholars have extended the
BS model by developing influential alternative frameworks.
Examples include the constant elasticity of variance model by
Cox and Ross [2], the jump-diffusion model by Merton [3],
and stochastic volatility models by Hull and White [4], Stein
and Stein [5], and Heston [6]. Among these, the Heston model
stands as a canonical affine stochastic volatility model,
providing closed-form pricing formulas for plain European
options and effectively explaining the volatility smile
phenomenon. Nevertheless, recent research indicates that the
square-root volatility process specification in affine models
inadequately captures nonlinear characteristics of financial
time series. This limitation has spurred significant academic
interest in non-affine stochastic volatility models. Empirical
results demonstrate the superior performance of non-affine
specifications: comparative analyses reveal that non-affine
stochastic volatility models reduce root mean square pricing
errors by 25-27% compared to their affine counterparts.

In 1978, Margrabe pioneered the use of partial differential
equation (PDE) methods to derive a closed-form pricing
formula for exchange options under the Black-Scholes (B-S)
framework [7]. Subsequent research on exchange option
pricing, coupled with the diversification of financial markets,
has led to the development of numerous innovative variants.
These include power exchange options, Asian exchange
options, and barrier exchange options, among others. These
advancements have not only enriched the theoretical
landscape of exchange options but also provided robust
methodological foundations for their pricing and further
innovation in financial engineering.

In non-affine stochastic volatility models, the partial
differential equation (PDE) governing the characteristic
function of the log-price distribution of the underlying asset is

inherently nonlinear, which precludes the derivation of an
exact analytical expression for the characteristic function and
typically obstructs closed-form solutions for European option
prices. To better capture the dynamic behavior of asset prices
and develop a computationally efficient numerical method for
pricing options under such models, this study proposes an
innovative approach. First, we perform a linearization of the
nonlinear PDE associated with the characteristic function in
non-affine stochastic volatility frameworks. Subsequently, by
leveraging Fourier transform techniques and their inverse, we
derive an approximate analytical representation of the
characteristic function.

2. Market Models and Preliminaries

This methodology not only enhances computational
tractability but also bridges the gap between theoretical
modeling and practical pricing applications in complex
volatility environments. Let W, =
(W3 Wyt W2, Wy2, Wi, W2,) denote a 6-dimensional
standard Brownian motion defined on the complete
probability space (2, F, F;, Q) Due to the presence of jumps
in the underlying asset prices, the equivalent martingale
measure is not unique. Following the approach of [8] we
select an appropriate equivalent martingale measure Q under
which the discounted price processes of risky assets become
martingales. Consider two risky assets S;; and S,; in the
market, with their logarithmic prices denoted by X,; = In S,;,
respectively. Let V;; and V,, represent the long-term and
short-term volatility rates. The measure Q is characterized by
the following system of stochastic differential equations:

Xmt = tht + 0‘11ﬁ VlthVlStl + 0-121/ VthVVZStl,

dXZt = tht + 0_211[ Vltdw/liz + 0-22 VthVVZStZ,
dVye = B1(61 = Vi)t + oy Vi d W,
AV = B2(82 — Vor)dt + GZVZ);/ZdWth_

(1)

where the correlations between Brownian motions are given
by:

S S2\ —
cordAW5rt, AWy ) = ps,

N
corr(dwztl' dW;t) = P12,

corr(dwzstz' dWZVt) = P22-

corr(detl' dW1$t2> = P

corr(dW1$t1: de’t) = P11

corr(dW1$t2: de’t) = P21,
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Here, p;; (i,j=1,2) are constants, and all other Brownian
motions are mutually independent. The coefficients a;q, 0},
represent the long-term and short-term volatility coefficients
for assets S;; and S, respectively, and are non-negative. The
non-negative constants f5;,0; and o; represent the mean
reversion speed, long-term mean level, and volatility of
volatility for the two variance processes respectively, and
satisfy the Feller condition 23;6; > o. Following [9], the
risk-free rate R, is modeled as R, = 190 + 9, Vi +9,Vo;
where 9, 9; and I, are real constants.

3. Characteristic Function

Under the measure Q the joint discounted conditional
characteristic function of the random variables X;;, V;; i=(1,2),
is defined as:

W (t, X10) Xap) V1e) Vaes Ug, Up, Uz, Uy, T)

= EQ [e_T(T_t) + iuleT + iuzXZT + iu3v17~ + iu4v2T|¢O/7t]

= EQ [e_T(T_t) + iu1X1T + iuzXZT + iu3v17~ + iu4v2T|x1t,
Xat) Vit, Vot -

where i is the imaginary unit, t € [0, t], Uy, u,.u3 € C, and
EC[- |#;] denotes the conditional expectation under the
probability measure Q.

Theorem 1: Assuming the underlying assets follow the market
model (1), the joint characteristic function of the two
underlying assets has the following expression:

W(t, X1, X3, V1, V; Uy, Up, Uz, Uy, T)
= exp(iux; + iuyx, + A(t,u) )
+B(t,w)v; + C(T,u)v,)

Where 7 =T —t and u = (uq,u,, Uz, u,) . The coefficient
functions are defined as:
d
A(t,u) = 732 [(fi + h1)?T — 4hyT(fy + hy)
hiT

—4(f, + hy) In 1L

1-q.e~M7 4h 4h
+4h, In 1—+ L ——1_,,]
—q1 1-q; 1-qqe™M7

f3T f3 5. 1-qieM7
— _l -
" (fy ) e

4d2 = [(fz + hp)?T — 4hyt(fy + hy)

—haT

haT
+4hy In =122 +—‘”’2 -

-q2 1-qz  1-gpe~h2?
fat fa ;. 1-qpe~h2?
+=2(f, —h ——ln—
L (f, — hy) e
2hy ]
1-qie~"]’
2hy ]
1-gze~ 2]’

+ 4h11'

+ 4h5T

+ g3T

Bw) = |fi -

1
Cw) =g fo+ -
with parameters:
1 _
d1 =EO'12)/9}/ 1, dZ

—17r 24y —1v 24y
d3 —70191,d4—70'292,

1.2,,07"1
=503v6;

-1 —1
1+y 72 . 1+y 72 .
- 91 P1101101 Uy — —~ 91 P2102101iU; + B,

i =

y—l y-1
_ 1+y My )y ;
fo = 9 P12012021Uy — 2 92 P2202201U; + B,
1+y 1+y
— }/ 1_1/97 : + 0
f3 —_2 2 p1101107iu; + 5 U17 P21021011U; B161,
1 1+y 1 1+y
_ 1y 7 . Y2 :
fa —_92 P12012021Uq +_2 91 P2202207iUy + 20,
(iug + iuy)V ——au 102u2—00 uu
g1 = 1 2)V1 11U1 21U2 11021P1U1U2,
= (iuy + iuy)?d ——a w? = 162,02 — 6,,0,,p,uu
92 = 1 2)V2 12U — 5 022U3 12022P2U1 Uy,

g3 = 9o (iug + iuy),
hy = hy(uy,u,,0,0) =
\/flz (u1,u3,0,0) — 4d; g, (uy, uz, 0,0),
h, = hy(uq,u,,0,0) =
\/fzz (ug,uy,0,0) — 4d;g2(ug,uy, 0,0),

2dyiuz—f1(u1,u2,0,0)+hy (ug,u2,0,0)
2dqiuz—fi (u1,u2,0,0)—hy (uq,u2,0,0)’

1 = q1(Uyg, Uy, u3,0) =

2dyiugs—fr(uq,u2,0,0)+h, (uq,u3,0,0)
2dgiug—f2 (U1,u2,0,0)~hz (U1,u2,0,0)’

4z = g2 (U, uy 1 0,uy) =

Proof: By applying the semi-martingale 1t6 formula and
Feynman-Kac theorem, the characteristic function Wsatisfies
the following parabolic partial differential equation (PDE)
with boundary conditions:

4

oy 2 1 5 1,
ot + Zp:l (Rt —39p1V1 — ;0p2V2 — AKp) oxy
oy 1 a2y
Yi=1By (6, — 1) v, T Y5-1; (07101 + 0fpv2) a2
2,,¥ %y 2 %y
+Zp 1 ap P v 2 + Zp=1 alp O-vappp 8x1 0x,
r+1 aZw
2 2 _
+ Zj:l ZP=1 Ppj OpjOpV; ’ dxp BV -
3)
Since the PDE (3) is nonlinear in v1 and v2 we linearize the
&
terms v, > and v (i=1,2) via first-order Taylor expansions
around v; = 6;:
Y o y y-1
v, = (1-y)0] +v6] v 4
~ (1 =98] +v6] v, 5)
Substituting (4) and (5) into (3) yields the linearized PDE:
i) 1 1
E + Z%=1(90 + 91171 + 92172 - —0'51171 - 50-52172
oy oy
) 3+ T3oi By (B — ) 5o

1 1
+ 2127:1‘ (aglvl + agzvz) W + Zp=1;a§[(1 -6y

2

y-1 °yY
+y6, vp] + Zp 101p O2pVpPp 7o 6x1
y+1

+Z} 125= 1pp16p10p( ye 2+ 9 T

6x2

*y
)6xp61;] 0.

(6)

According to [8] the partial differential equation (6) admits an
exponential-form solution:
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W(t, xq, X3, U1, Vg Ug, Uy, Us, Uy, T)
= expliuyx; + iuyx, + A(t,u) + B(r,w)v; + C(7,w)v,]

(7
with boundary conditions:
AO,u) =0,
B(0,u) = ius, 8)
C(0,u) = iuy.

Substituting (7) into (8) yields the following system of
ordinary differential equations:
-1

y-1
% 4 (1+—y92 011011U
1 P11011011Uy

1

12 91’ BZ
1+y e

0,? p21021011u2 + BB+ (8 —

+ (92

—011021P1U U =0

‘711)1“1 )

- 5021)“12 + ;‘711(“11)2 + 5021(“12)

Y
1+y ;75 .
_(__2 0,% P120120,1U,

[

a _
—C +02y6] ' C?

y-1

1+y ,

0,2 p22022051U; + B2)C + (8, — 5122)lu1 (10)
+(92 - 5022)“12 + 5012(“11)2 + 5‘722(“12)2
—0120220Ui Uy = 0
24 1- 1+y
6t + - ZHYBZ + _9 p11011011u13

1-y g 1-y
+_912 p210'210'1iu23+ﬁ1913+TO'229;/C2 (11)
1+y 1+y

+_6 p120'120'21u1C +
+ﬂ292C + 9 (iug + iuy) = 0

9 P22022021U,C

Using the integral identity:

2ax—b+yb%-4ac

we obtain the
2ax—b—/b2— 4ac)

Brw =g (fith - ),
Caw) =5 (foth - ).
Integrating both sides of (11) yields:
A(t,u) = d; [ B(s,u)?ds + f; [] B (s,u)ds
+d4 Jy C(sw?ds+f, [, C(s,wyds + g3 [, ds
S [(fy + h)?T — 4hyt(fy + hy)

—h1T

+ 4hit

f dx _ 1 ln(
ax?-bx+c  —Jb%—aac

solutions:

4d2
—4(fy + hy) In 1

—h1T
1-qqe~ " 4h 4h

+4_h1 In—/~— 4+ 1 _ —l—h

1-qie™"17%

1-q1 1-q1
f T f3 5 1-gie”M7
2, 1 =) = ln——

1-q,

4_d2 S [(fo + ho)?T — dhyt(fy + hy)

hpt
—4(f, + hy) lnﬂ

—hpT

1-qpe™"2 4-h 4h

+4h2 lnq27+ z —72_,1
1-q; 1-qz  1-qpe™"27

ST _f_4 1-gze™"2"
+2d2(f hy) In —

|

+ 4hit

|

+ g3T

4. Digital Power Exchange Option Pricing

This section derives the pricing formula for digital power
exchange options. Let C(t,aq,a,,k, kq,k,, T) denote the
price at time t of a European digital power exchange option
with maturity T and exchange ratio K The terminal payoff
function of the digital power exchange option is defined as:
(S5 -KSH™ o
(K15;T€5K2)
2T
0<K<K;
—KS;H'1
(K==4L<K7)
Sar
Ki <K<K,
0,K =K,

V(ay, @y k kg, by, T) = { (5% (12)

Where [K1, K2] represents the option's strike interval. Let
k; = In K;. Based on the payoff structure: When a; = a; =1,
the option reduces to a digital exchange option. When K; —
—oo, and K, — +o, the option becomes a power exchange
option.

Theorem 2: Under the market model (1) the time-t price of a
European digital power exchange option with maturity T and
payoff function (12) is given by:

C(t, al, az, k, kl’ kz, T) =
($(6=1@,000.1) X I (1 ks i )

—K X (t,0,—icy,0,0,T) X [I,(t, ky, k3, T), 0<K <K,
{ W(t, —iay,0,0,0,T) X I, (t, k, ky, T)
—K X Y(t,0,—icty,0,0,T) X [I,(t, k, ky, T), K, <K <K,
0, K >K,

where the coefficient functions satisfy the system:

¢l(tuT)><e_“‘k1 ¢L(tuT)><e_iuk2

Mt ke, kp, T) == [7 R L —du,
_ IlJ(t (u-i)ay, uaz 0 0,T)
$1(t,u,T) T Y(t-iay,00071) '
(bz (t u T) _ Y(tuaq,—(i+u)a,,0,0,T)

P(t,0,~i2,0,0,T)

Proof: Let Y; = a;X;; — a,X,;. By risk-neutral pricing, when
0 < K < K;, we have:
C(t,ay,az,k, ki, ky, T)
T
= E2[eJe RsOS(SE — KSI*1, @ ]
<k1<%<k2>
Sar

(13)

T

—KEQ [
= I, — KL,

de5+a2X2T1(k1<Yr<kz>]

To simplify calculations, we perform the following measure
transformation:

T
dQl e—ft Rsds+a X1
|/T =—, =12
EtQ e—ft Rsds+a X1

It is straightforward to verify that the Radon-Nikodym
derivative for the aforementioned measure transformation
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exists, with ‘Z—Zl |7 = 1. By Girsanov’s theorem, the measures
Q1 and Q2 are equivalent martingale measures under Q.
Consequently
T
L =E} [e_ft RSdS+a1X1T] Q:(ky < Yr < k3)
= lp(t, _iall 0:0:0’ T)Hl (t’ kl' kZ' T)

(14)

T
I, =E° [e—f: Rs‘““"z""] Qu(ky <Yy <k
= ll)(tl O; _iaZI 0;0; T)HZ (t! kl! k2I T)

By the uniqueness theorem relating characteristic functions
and distribution functions, along with Fourier inversion, we
derive

I, (t, kg, ko, T)
. —iukq _ ,—iuk 1
fo m ¢l(tru'T)(e 1-e 2)] du’l — 1’2 ( 6)

iu

_1
T

where ¢,;(t,u, T) denotes the characteristic function of YT
under the measure Q1 defined as

T .
¢, (t,u,T) = oad! [eiVT] = E¢ e~ Je RsdstarXyr+iuvy
yU, ¢ t

T
EtQ[e_ft des+a1X1T]

E? [e - f,;r Rgds+(iu+D)ag Xj7—iuaz X,

T
EtQ [e— It Rsds+aiXqT

W(t,(u—i)as,~ua,0,0,T)

= = ¢1 (t' u)'

W(t,—iaq,0,0,0,T)

(17)
and
T .
- ft Rsds+azXop+iuYr

Eth [eiuY—p] — EtQ e -
EtQ[e_ft des+a2X2T]

¢2(t' u, T)

EtQ [e_ ftT des+iua1X1T+(1—iu)aZXZT]

T
EtQ [e— J¢ Rsds+azXoT

Y(t,uaq,—(i+u)a,,0,0,T)
= P = ¢2 (t! u)'
Y(t,0,—ia5,0,0,T)

(18)

Similarly, the time-t expression of the option can be derived
for the case K; < K < K,. When K, < K, the inequality

si . .
=L < K, < K holds, rendering the option value zero.
SZT

5. Conclusion

This paper investigates the pricing of digital power exchange
options under a non-affine stochastic volatility model. The
approximate characteristic function of the log-price
distribution of the underlying asset is first derived using the
perturbation analysis method for partial differential equations.
Then, by applying Fourier transform and its inverse transform,
an analytical expression for the digital power exchange
options is obtained.
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