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Abstract: First Zagreb polynomial of a graph G with vertex set V(G) and edge set E(G) is defined as  M1(G,X) =Xypek(q) xut v angd

the first Zagreb index can be obtained from it as Mi1(G) =

M, (G,x)

|x=1. In this paper Zagreb polynomials, co-polynomials and

corresponding Zagreb indices, co-indices are obtained for path, cycle, double and strong double graphs.
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1. Introduction

Let G be a simple, finite, connected graph with vertex set
V(G) and edge set E(G). The degree of a vertex u € V(G) is
denoted by d, and is the number of vertices adjacent to u.
The edge connecting the vertices u and v is denoted by uv. A
molecular graph is presentation of the structural formula of a
chemical compound in terms of graph theory whose vertices
correspond to the atoms of compound and edges correspond
to chemical bonds [1]. The topological index is a numerical
parameter mathematically derived from the graph structure,
several such topological indices have been considered in
theoretical chemistry and have found some applications in
QSPR/QSAR study [2].

A complement G of a graph G consist of the same set of
vertices, where two vertices v and w are adjacent by an
edge vw if and only if they are not adjacent in G.Hence vwe
E(G) & vwgE(G).A complement graph consists of a
number of edges and the degree of vertex v which are
represented as m = (721) —m and dg (v) = n-1-R;(v)
respectively. If the graph G has n vertices and m edges, then
double graph D[G] has 2n vertices 4m edges. The first,
second Zagreb indices and geometric-arithmetic index of
double and strong double graph of path and cycle graphs
were studied in [3]. The double graph of G is constructed by
considering two copies of G in which a vertex v; in first
copy is adjacent to a vertex vj in the second copy of vjand v;
[4]. The strong double is a double in which a vertex v; in the
copy is adjacent to a vertex vj in the second copy if i =j. Itis
denoted as SD[G] [5]. Zagreb indices and multiplicative
Zagreb indices of double graphs of subdivision graphs were
investigated by M. Togan et al. [6].

Degree based topological indices of strong double graphs
have been studied in [7-8]. The relations between some
Zagreb indices and Zagreb co-indices of graphs can be seen
in papers [9-10]. General fifth Zagreb polynomial of
benzene ring were studied in [11]. Li and W. Gao expressed
the fourth Zagreb polynomial and sixth polynomial in terms
eccentricity of a graph [12]. The Zagreb group indices and
polynomials are studied in [13]. Zagreb indices and Zagreb
polynomials have been studied in [14]. Distance based
topological indices of double and strong double graphs were

computed by Mirajkar [15]. The properties of strong double
graphs of spanning trees of G were found in [16].

The Zagreb polynomials are defined as [17-18]
M1(Gx) = Tuvere) XM+, (1)
M2(Gx) = Tuvere) X%, (2)
Ms3(Gx) = ZquE(G) XIdu_dV|' 3)
M4(Gx) = Tuyergy XMtV (4)
Ms(Gx) = Yuve(g) XV, (5)
E(G'X)= Zusz(G) X(du+dV)' (6)
My (Gx)= Yuver(e) x4 ). (7)
M3(G,x)= Yuyer( X% (8)
My (Gx)= Yuver(s) xu@utdv) (9)

And

M5(G,x)= Yyver( xov@utdv) (10)

The first Zagreb index can be calculated as the first
derivative of first Zagreb polynomial, x = 1 by [19]

Mi(G) = ZRC0 (11)
All the symbols and notations used in this paper are standard
and taken mainly from books of graph theory [20-22]. In this
paper we study Zagreb polynomials, co-polynomials of
double, strong double graphs of path graph P4 and cycle
graph Ca.

2. Materials and Methods

Let G be a finite, simple, connected graph with vertex set
V(G) and edge set E(G). Molecular graph is a graph in
which the vertices correspond to the atoms and the edges to
the bonds of a molecule. Molecular graphs of path graph P4,
double graph D[P4], strong double graph SD[P4] and cycle
graph Ca, double graph of Cs and strong double graph of C4
are shown figure (1-2). Degree d, of a vertex u is the number
of vertices adjacent to u. The order and size of strong double
SD[G] are 2n and 4m+n respectively. The degree of a vertex
v in SD[G] is degspjc) = 2dega [v] + 1. If the graph has n
vertices and the m edges, then the double graph D[G] has 2n
vertices and 4m edges, in particular degpig (v,2) =
2dega(v). The complement of G denoted by G, is a simple
graph on the same set of vertices V(G) in which two vertices
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u and v are adjacent, that is connected by an edge uv, iff
they are not adjacent in G. Hence uve G<uv ¢E(G).
Degree of a vertex u in G is denoted dy; the degree of the
same vertex is G is given by degg (u) = n-1-du. Degrees of
vertices of path, cycle, double, strong double graphs are used
in finding the Zagreb polynomials and co-polynomials.

3. Results and Discussion

It is observed from molecular graph of path graph P4, there
are |[E12|= n-2 and |E12]= n-3 edges. For double graph of P,
the edge partition is |[Ez4/= n and |Es4|= n-4 and in strong
double graph of Py, it is |Es4/= n, |[Es4|= n-4 and |E3z3|= n-6.
The Zagreb polynomials, co-polynomials of P, D[P4] and
SD[P4] are computed as follows.

Path graph P4
Theorem 1.1. First Zagreb polynomial of P4 is (n-2)x34(n-
3)x4

Proof. First Zagreb polynomial of P4
M1(Gx)= Tyey() x%td

= |E12|x 2+ |E22|x? 1?2
=(n—2)x3+(n - 3)x*

Theorem 1.2. Second Zagreb polynomial of P is (n-
2)x2+(n-3)x*.

Proof. Second Zagreb polynomial of P4

M2(GX)= Yueviey X™ %

= |E12|x %2+ |E22|x%*?

= (n— 2)x*+(n — 3)x*.

Theorem 1.3. Third Zagreb polynomial of P4 is (n-2)x

Theorem 1.4. Fourth Zagreb polynomial of Ps is (n-
2)x3+(n-3)x8.

Theorem 1.5. Fifth Zagreb polynomial of P4 is (n-2)x%+(n-
3)x8.

Theorem 1.6. First Zagreb co-polynomial of P4 is (n-
2)x3+(n-3)x2.

Proof. First Zagreb co-polynomial of P4
M, (GX)= Yueer XMt

= |E12|x2t1+|Ez2|x1 1t

= (n—2)x3+(n — 3)x>.

Theorem 1.7. Second Zagreb co-polynomial of P4 is (n-
2)x2+(n-3)x.

Proof. Second Zagreb co-polynomial of P4
M,(GX)= Yueer@ XM

= |E1,2|x** 1 +|Ez2|x1*?

= (n — 2)x*+(n-3) x.

Theorem 1.8. Third Zagreb co-polynomial of P4 is (n-
2)x+(n-3)

Theorem 1.9. Fourth Zagreb co-polynomial of P4 is (n-
2)x6+(n-3)x2.

Theorem 1.10. Fifth Zagreb co-polynomial of P4 is (n-
2)x3+(n-3)x2.

Theorem 2.1. First Zagreb polynomial of double graph of P4
iS 4nx124-4(n-4)x1e,

Theorem 2.2. Second Zagreb polynomial of double graph of
P4 is 4nx324-4(n-4)x%4,

Theorem 2.3. Third Zagreb polynomial of double graph of
P4 is 4n x4.

Theorem 2.4. Fourth Zagreb polynomial of double graph of
P4 is 4nx48+4(n-4)x128,

Proof. Fourth Zagreb polynomial double graph of P,
Ms(D[G], )= Tuvepq) XM+

= 4ZuveE(D[G]) x2du(2dy+2dy)
=4|Ez4|x20u@dut2dv) L 4] Ey 4| x2du@dut2dy),

= 4nx46+4(n-4)x128,

Theorem 2.5. Fifth Zagreb polynomial of double graph of
P4 is 4nx*8+4(n-4)x128,

Proof. Fifth Zagreb polynomial of double graph of P,.
Ms(D[G],x)= ZquE(G) xdv(dutdy)

= 4 Y verey X tu@dut2dy)
=4|E2’4|X2dv(2du+2dv)+4|E4’4|X2dv(2du+2dv)_

= 4nx46+4(n-4)x128,

Theorem 2.6. First Zagreb co-polynomial of double graph
of P4 is 4nx®+4(n-4)x-2.

Theorem 2.7. Second Zagreb co-polynomial of double
graph of P4 is 4nx-34+-4(n-4)x.

Theorem 2.8. Third Zagreb co-polynomial of double graph
of P4 is 4nx*-(n-4).

Theorem 2.9. Fourth Zagreb co-polynomial of double graph
of P4 is (4n)x*°+4(n — 4)x*8.

Proof. Fourth Zagreb co-polynomial of double graph of P4
M,(GX)= Yyeer(g xdu(@utdw)

— 4Zu€gE(G) x2du(2dy+2dy)

=4|E2,4|x°C+3) +4|Eqq|x3G*)

= (4n)x*%+4(n — 4)x'8.

Theorem 2.10. Fifth Zagreb co-polynomial of double graph
of P4 is 4nx24+4(n-4)x18,

Proof. Fifth Zagreb co-polynomial of double graph of P4
M_S(G,X)= ZueEE(G) xdv(dy+dy)

= 4 Y ueer) 2dv(2dy+2dy)

=4|E2,4|x36+3) +4|Eq4|x3G*)

= 4nx?*+4(n — 4)x8,

Theorem 3.1. First Zagreb polynomial of strong double
graph of P4 is nx'6+(n-4)x18+(n-6)x14.

Proof. First Zagreb polynomial of strong double graph of P4
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Mi1(SD[G],x)= ZquE(G) xdutdy

|E3,4|X[2du+1]+[2dv+1]+|E4,4|X[2du+1]+[2dv+1]+|E3,3|
X[Zdu+1]+[2dv+1]

= nx16+(n-4)x18+(n-6)x14.

Theorem 3.2. Second Zagreb polynomial of strong double
graph of P4 is nx%34(n-4)x814(n-6)x%.

Proof. Second Zagreb polynomial of strong double graph of
P4
M2(SD[G], )= Zuver X%

|E3,4|X[2d“+1]x[2d"+1]+|E4,4|X[2d”+1]x[2d"+1]+|E3,3|
X[Zdu+1]><[2dv+1]

= nx%+(n-4)x81+(n-6)x*°.

Theorem 3.3. Third Zagreb polynomial of strong double
graph of P4 is nx2+(2n-10).

Theorem 3.4. Fourth Zagreb polynomial of strong double
graph of P4 is nx1124(n-4)x162 4(n-6)x9%.

Theorem 3.5. Fifth Zagreb polynomial of strong double
graph of P4 is nx1#44(n-4)x162 4+(n-6)x7.

Theorem 3.6. First Zagreb co-polynomial of strong double
graph of P4 is (n-6)x8+n x16+4(n-4)x14.

Theorem 3.7. Second Zagreb co-polynomial of strong
double graph of P4 is (n-6)x814n x634(n-4)x*.

Theorem 3.8. Third Zagreb co-polynomial of strong double
graph of P4 is nx24+2n-10.

Theorem 3.9. Fourth Zagreb co-polynomial of strong
double graph of P4 is (n — 6)x1%2+nx**+(n — 4)x%8.

Proof. Fourth Zagreb co-polynomial of double graph of P4
M, (SD[G],x)= Yyezr(g xul@utdv)

— ZueeE(G) X(2du+1)[(2du+1)+(2dv+1)]
=|E3,3|x @du+DI@du+D+(2dy+1)]
+|E3'4|X(Zdu+1)[(Zdu+1)+(2dv+1)]+|E4’4|
X(2du+1)[(Zdu+1)+(2d‘,+1)]

= (n — 6)x*2+nx**+(n — 4)x%8.

Theorem 3.10. Fifth Zagreb co-polynomial of strong double
graph of P4 is (n — 6)x162+nx!12+(n — 4)x%8.

P£>of. Fifth Zagreb co-polynomial of double graph of P4
M5(SD[G],x)= Yyegr(g xMuldutdv)

=|E3.3|x @dv+DIdy+1)+(2dy+1)]
+|Ea 4| x @AvHDICAu+D+@AvHD] | By
<2y +D)[(2dy+1)+(2dy+1)]

= (n — 6)x*2+nx'12+(n — 4)x%.

Cycle graph Cs4

It is observed from molecular graph of cycle graph C4 there
are |Ezo/= n edges. For double graph of D[C4], the edge
partition is |E44/=2n and in strong double graph SD[C4] it is

|Ess|= 3n. The Zagreb polynomials, co-polynomials of cycle
graph C4, D[C4] and SD[C.] are computed as follows.
Theorem 4.1. First Zagreb polynomial of Cs is nx*.
Theorem 4.2. Second Zagreb polynomial of C4 is nx*.
Theorem 4.3. Third Zagreb polynomial of Cs is n.

Theorem 4.4. Fourth Zagreb polynomial of Cs4 is nx8.
Theorem 4.5. Fifth Zagreb polynomial of Cs is nx8.
Theorem 4.6. First Zagreb co-polynomial of Cs4 is nx2.
Theorem 4.7. Second Zagreb co-polynomial of Cs4 is nx.
Theorem 4.8. Third Zagreb co-polynomial of Cs is n.
Theorem 4.9. Fourth Zagreb co-polynomial of Cs is nx2.
Theorem 4.10. Fifth Zagreb co-polynomial of C4 is nx2.
Theorem 5.1. First Zagreb polynomial of double graph of
Cs is 8x16,

Proof. First Zagreb polynomial of double graph of C4
Ml(D[G]'X)= ZquE(G) xdutdy

— 4|E4’4|X2du+2dv

= 8nx1°.

Theorem 5.2. Second Zagreb polynomial of double graph of
Ca is 8nx®4,

Proof. Second Zagreb polynomial of double graph of C4
MZ(D[G]:X)Z ZquE(G) XduXdV

= 4|E44|x?%ux2dy

= 8nx®,

Theorem 5.3. Third Zagreb polynomial of double graph of
C4 is 8n.

Theorem 5.4. Fourth Zagreb polynomial of double graph of
Ca is 8nx128,

Theorem 5.5. Fifth Zagreb polynomial of double graph of
Ca is 8nx128,

Theorem 5.6. First Zagreb co-polynomial of double graph
of C4 is 8nx12,

Theorem 5.7. Second Zagreb co-polynomial of double
graph of Cs4 is 8nx3e.

Theorem 5.8. Third Zagreb co-polynomial of double graph
of C4 is 8n.

Theorem 5.9. Fourth Zagreb co-polynomial of double graph
of C4 is 8nx72,

Proof. Fourth Zagreb co-polynomial of double graph of C4
Ma(D[G],X)= Tyver(g xMu@utdv)

— 4|E4’4|X2du(2du+2dv)

= 8nx’2.

Theorem 5.10. Fifth Zagreb co-polynomial of double graph
of Cs is 8nx72,

Proof. Fifth Zagreb co-polynomial of double graph of Ca
Ms(D[G],X)= Ty xMu@utdv)

— 4| E4’4|X2dv(2du+2dv)

= 8nx’2.

Theorem 6.1. First Zagreb polynomial of strong double
graph of Cs is (2n+4)x?2.

Proof. First Zagreb polynomial of strong double graph of Cs
Mi(SD[G],x)= Tuyer) Xt
=|E5,5|X(2du+1)+(2dv+1)
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= (2n + 4)x?2.

Theorem 6.2. Second Zagreb polynomial of strong double
graph of Cs is (2n+4)x121,

Proof. Second Zagreb polynomial of strong double graph of
Cs

M2(SD[G],x)= Yuvek(q) xduxdv

=|E5,5|X(2d“+1)x(2d"+1)

= (2n + 4)x*?%,

Theorem 6.3. Third Zagreb polynomial of strong double
graph of C4 is 2n+4.

Theorem 6.4. Fourth Zagreb polynomial of strong double
graph of Cs is (2n+4)x242,

Theorem 6.5. Fifth Zagreb polynomial of strong double
graph of C4 is (2n+4)x242,

Theorem 6.6. First Zagreb co-polynomial of strong double
graph of C4 is (2n+4)x8.

Theorem 6.7. Second Zagreb co-polynomial of strong
double graph of C4 is (2n+4)x1e.

Theorem 6.8. Third Zagreb co-polynomial of strong double
graph of C4 is (2n+4).

Theorem 6.9. Fourth Zagreb co-polynomial of strong
double graph of Cs is (2n+4) x32.

Proof. Fourth Zagreb co-polynomial of strong double graph
of C4

M, (SD[G],X)= Xuver(c) x%u(@utdv)

= |Es | Zuver(o) x@du+D+[(2dy+1)+(2dy+1)]

= (2n+4) x32.

Theorem 6.10. Fifth Zagreb co-polynomial of strong double
graph of C4 is (2n+4) x32.

Table 1: Zagreb indices, co-indices of path, cycle, double, strong double&raphs £P4 and_C4.

Proof. Fifth Zagreb co-polynomial of strong double graph of
Ca

M_S(SD[G]'X)Z ZuveE(G) x%u(dutdy)

= |Es5|Zuvero) Ay +D)+[(2dy+1)+(2dy+1)]

= (2n+4) x32.

Zagreb indices and co-indices
1) First Zagreb index of double graph of P4

aM,(D[G],x)
M;D[G] =1T lx=1

(n-2)3+(n-3)4
=7n-18.

2) Fourth Zagreb co-index of double graph of Ca

— M, (D[G],x)
M,D[G] =4T lx=1

=4(n?+2n)162
=648(n%+2n).

Figure 1: The double graphs of P4 and Ca.

e : /
D ] » . 4 8, /
NN N [ ) y
#, . X 4 \
Ly ) - V=
Y =4

Figure 2: The strong double graphs of P4 and C,.

Zagreb indices > M1 M2 M3 My Ms M; M, M, M, M;
Graphy
P4 7n-18 6n-16 n-2 | 11n-30 14n-36 | 5n-12 3n-7 | 2n5| 8n-18 5n-12
D[G]P4 112n-256 | 384n-256 | 16n | 320n-512 [704n-2048| 56n+32 |-(12n+16)|17n-4| 232n-288 | 156n-288
SD[G]P4 48n-156 | 193n-618 [4n-10|372n-1236 |306n-1236 | 48n-164 | 193n-682 |4n-10 |306n-1364 |372n-1364
Cs 4n 4n 0 8n 8n 2n N 0 2n 2n
D[G]Cs 128n 512n 0 1024n 1024n 96n 288n 0 576n 576n
SD[G]Cs 22(2n+4)[121(2n+4)| 0 [242(2n+4)|242(2n+4) |-8(2n+4)| 16(2n+4) | 0 | 32(2n+4) | 32(2n+4)

4. Conclusion

Zagreb polynomials, co-polynomials and corresponding
Zagreb indices of path, cycle, double, strong double graphs
for path graph P4 and cycle graph C, are studied.
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